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PREFACE. 


Tue following pages contain solutions to all, or nearly 
all the problems and exercises given in the Author’s 
Elements of Algebra. In many cases, two or more solutions 
of the same problem are offered, so as to afford the student 
additional illustrations of the best and neatest modes of 
working ; and of the application of artifices employed by the 
experienced algebraist in order to obtain a required result. 
On this account, also nearly every operation has been 
given at full length. 

The Author hopes that the Kry will prove serviceable 
to the many who are privately prosecuting the study of 
Algebra, or endeavouring, without the aid of a living 
teacher, to prepare themselves for entrance into our Univer- 
sities; and that it may likewise be of advantage to those 
teachers whose school duties are so many and varied as to 
render them unable to devote to the subject that time and 
study which long and intricate algebraic solutions in 
general require. 


Toronto, October, 1864. 
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Exercise IV. 


18—-1=1-1=0 


. 3?-3x3=27-9=18 


1x24+3x4=2412=14 
=1?x #—(3-1)=1x4-2=4-2-2 


.Y24344=1/9=3 


0-..m=0 


6x (1~39)=6x (9-1) =6x8= 48 
. (23x 423 x 073 = (4x 16)? = (f/64)?= 42= 16 

_ (1+ 2) x (4-0)? = 3 x 42=3x 16 = 48 
/4f1-(4-3)}' =4(1-1)' = 4x07 =4x0=05 
IL. 
12. 


bed =2x%3x4= 24 
(44 — 2 x 3)? (33-2 x 3 x 4)8 = (16 - 6)? (27 - 24) 


= 107 x 3%? = 2700 


13 


1+1 2 b+1 241 awe es: 


+ Ton Rae, eee sel 2! ie oo 2 © 


14, 14x1-(3x%2+3)=14-9=5; 44~2(2+3)=16- 10 
= 6,and5<6 


6 KEY TO [EX. Iv. 


15. Each = 0 +.. m, one factor of each, is equal 0 
16. 1x 4x 27-4(2 +4) 3 = V108—4x 6x 3=/36=6° 
YQ +3) x (16+ 9) = 4/5 x 26-= $/125 = 5, and 6> 5 
1x4x27-2x4 108-8 100 


Loa ae = qo = 10, and 2x (2+3)+0 
=2x5=10 
1x9+0-(4-3)? 9-1? 8 8 


"82 6+9)+2G+4 axa pexy see 4 
and {4x3-(4+34+2+1)}=12-10=2 

19. (2-2)(3+8-3)+{2+(12-6)}—4 (6-6)-{18-(9+1)} 
+{8—(34+4) x1} 2; =0x8+(246)-4x0-(18-10)+(8—1)x2; 
=0+8-0-84+1x2=1x2=2 

20. (9-1)(4-0) +043 {14+3(4-3)}=8x44+043(143) 
= 324+3x4=32419= 44, 

1. {1 -2)+G+4P74{8+0)-(Q-)DP-{0+4)+(4-3)P 
=(-1+?+(3-18- (44 12; = 67+ = 52= 364+ 8~25=19 

22. ((1+3)x 4448/9 x (142) +{2 (446)7+ (28 — 12} (2441)! 
= 4x 44+ 8/9x3 + (2x 10% 16)! — (25)? = 16 + 27 + 8/216 
- (25) = 44+346=5°= 13-125 =- 112 
TxY04+34- a 36—28+{64x(1+3)}? 


23. - 324-16 
aT * {@=1y)+4- Gro} ~ V24 

0+6-20 36-28+y256 ,— 14 24 | 

=o th ag Ben tpn 2en 46-25-23 


4, ¥{2(1 + 2)}- 4 {6(3 +1} +2 {(3-2)24+3)} +3 {4 +3) 
(1+6-6+4)}=}3(2x3)-4 (6x4) +4(1x5) +3 (7 x 25) 
=2-6+1+425 = 22 
3(14+2-3)§+11{(8+6)(2-2+2)} {(1+12)*(27+10)-(3+4)}3 


Lo 


5. 


{(9+ 2) —/4} (44+3+4-0) 0+4/36-1 
(4412~8)(448)_ 3x 08+ 11x32) (169-37- 13 8x4 
TOs Nth aod) aa qe C= 0) tae + 


11x18 sas = 52 
=Sullt BO Theme eS tote 
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Exercise IX. 


1. @+m=—c+64+5-~m—-a—e+c+3-5c-—m=14—-m-—5c-e 

2,.a-b-c-b+ct+a-c+b4+a—-a-b —c= 2a—25- % 

3. 34-4—6y+nr-50+4+6y-3a+4-6=z2-54-2 

4.6+(~{-(-{-(m)})})=6-{-(-{-@™ })} 
=6+(-{-(m)})=6-{-(m)}s6+(m)=64+m 

5. 2a—3c+ 4d—5d + (m+ 3a) +5a-—(-4-d)-3a+4 (44- 51-4) 
=24-3¢+4d—5d+m+3a+ 504+44+d- 30+ 4a - 5d - 4 
=lla-3 -5dt+m - 

6. m?--c? + a? + m? = 2a* + Qa? — m2 — Bm? + C4 + a2 — C2 + 3m* 
= 2a? — m3 — c? 

if Lobiiee: Ba ue ea 24 

8. a? + 2a = a? + a? + 2x7 = 2m?+ m2 +a7+ 2a+m? +307+ 3x4 3m? 
= 5a? + Tx + 227 + 3m?. 

9. abe + 3c? + 3a2bc —m —c + 4a°be +c — 3c? = m = Barbe —2m 

10. 83a-2a@-1+a@-2+a+1-a-2a+2+4a4+1=at+1 

Jl. -a-b-ct+a-c-—c+a+ 2a— 3b) = 2c-- 3b -a~b-c-a 
=a-—8b-6c 

12. af —c-745-Tamt+c+3a+ 5am—4um -6+c-9-3c—-44 
=~a—5am—2c-17. 


Exercise XII. 


1, Bam — 34 + 3y + 5ax + lb5ay + 2am =,2my + 4ax + 42x 
=5am+x+ 3y+9ax+1l5ay—2my = 5am+x+9ar+3y+ l5ay—2my 
= Bam'+ (1 + 9a)a + (3 + 15a — 2m)y 

2. am —max + my + 3max + 3ax + 4a — 4y + Bay + Bry = amt 2mx 
+ my + 3a% + 4a — 4y + 3ay + 3ru = 4a +am+ 2me + 3axr + 3xry 
— 4y + my + 3ay = (4+m) a+ (2m + 3a) x + (8x-44+m + 3a) y 

3. Ta + 7b — Tc — 5b — 5a + bbe — 3m + 3a + 3c 
= 10a + 2b — 4c — 5x — 5bc — 3m = 10a — 5x — bbe + 2b — 4c — 3m 
= 5 (2a-a%-bc) +2 (b — 2c) - 3m 


3 : KEY TO (Ex. xl, XVI. 


4, cx + ina — 8anxy — 8cry + 2ay?— 2cmy? + ax + ay? + cxy +axry 
Sys tye 
= 2a + mz — 8amay — 2cxy + 3ay — 2cmy*? + axy — by? — fy? 
= Qua + mx — 8umxy — 2cxy + axy + Bay? — 2emy? — by? — fy? 
= (21+m) x — (3am + 2c — a) ry + (3a—2em-b-Sf) y? 

5, 3ay — 3by + 3cy — 2max + cx — B3amx — 3amy + 3amz — (3amx 
+ 3umy + 83amz + 2cx + 2cz + acy — acz) = 3ay + 3by + Bey — Anz 
+ cx — 3unz — 3amy + 3amz — 3amz —3amy — 3amz — 2cx — 2cz 
— acy + acs 


= 3ay — 3by + 3cy — 2mx + cu — Gamx — Bamy - 2cz — acy + acz 


Bay — 8by + 8cey — Gamy — acy — 2mx + cx — Bama — 2cz + acz 
(3a — 3b + 8c — 6am — ac) y- (2M-—c+ 6am) x— (2-4) cz 

6. llamy + llbmy — 3uxy + 3bx2y —.3cxry — (2acp + 2acry — 3em 
+ 6exy — 3cy® — 3ay — 3ac) 


u 


= llamy + llbmy - 3axry + 3bxy — 3cxry — 2acp — 2acry + 3cm 
— Gcry + 3cy? + 3ay + 3ac 

llamy + llbmy + 3cy? + 3ay — 3axy + 3bcy - heey — 9exy 
— 2acp + 3cm + 3ac 

{ll (@ + b)m + 3 (cy + a)} y — {3(a — b) + (2a + 9)c} ay 
+3 (m+ a) c = 2acp 


if 


Exercises XVIII. 


i; {(a - b) + e}{(a — b) — cf = (a-b)?—c? = &e. 
fa-(b-c)}{a+ ( —c)} = a?-(b-c)*= &e. 
a+ (b+e)}fa-(b+c)}=a?-(b+c)?= &e. 

2. {4 + (3a 2c)}f{4 — (3a - 2c)} = 16 — (3a — 2c)? = &e. 
[2a — (« — 3m?)}{2a + (x — 3m*)} = 4a? — (x — 3m”)? = &e. 
[2uy + (24 — 3y)}{2xy — (2a — By)} = 4x*y? — (2a — By)? = &e. 


3. {(2a— 3c) + (2x — 3y)} {(2a — 3c) — (2% — 3y)} = (2a = 3c)? 


- (22 — 3y)?= &e. 


\( + 3d) + (2c + amie + 3d) (2c + 4m)}= (a + 3d)?— (2c + 4m)? 
- &e. . 
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4. {(3a — m?) — (2 - xy)} {(3a — m?) + (2 — xy)} = (8a — m?)? 


-(2-2y)?= &. 
{(2a? — 3x7) + (1 + y®)}{ (2a? — 3a?) — (1 + y?)} = (20? - 327)? 
-(1+y*)?= &e. ‘ 


5. (5ab + 6a? — 6b?) — (4a? - 16ab + 16b7) — 4(9 — a) — 4(4a? 
— 4ab + b*) = Bab + 6u* — 6b? — 4a? + 164 — 160? — 36 + 4a? — 1a? 
+ 16ab — 4b? = &c. 
P68: (24axy — 16a? — 9x*y?) + 3(40? + dary + x7y?) — T(a%y? - 9a?) 
b+ 4(407 — 12axy + 9x*y”) = 24axy — 16a? — 9x7y? + 1207+ lary 
+ 8x7y? — Tay? + 6307 + 16a? — 48axy + 36x7y? = &e. 

7. (L— 2*)(1 + w?)(1 + 24) + &e. to 7 terms = (1 — 2*)(1 + 2+) 
(1+ 2°) + &. to 6 terms = (1 —@*)(1+2°)(1+2'°) + &e. to 5 
terms = (1 — 216)(1 + w16)(1 + 2) + &c. to 4 terms - (1 —- 2%) 
(1 + 2®)(1 + 284) = (1— 294)(1 + 254) = 1-28 

8. Product of first two terms = a? — xy”; of first three terms 
= a* — xty*; of first four terms = a* — x*y*, and so on. 

Now the index of each term in the product of the first two 
factors = 2 = 2! = 22-1 

Index of each term in the product of the first three factors 
E deg 2 yet 

Index of each term in the product of the first four factors 
= 8 = 2°= 24-1 and so on 

Therefore the index of each term in the product of n such 
factors = 2"-1.*. (@ — zy)(@ + wy)(a? + wy”) .... to n termg 


gut nel 
=a" = (ay)? 


Exercise XIX, 
4, (a® + b®)(a3 - 6) = &e. 
5. (a*)8 — (a)® = (a? — 2°) (a5 + a8z? + 26) = &e, 
7. (a + m*x*) (a? — mx?) = &e, 
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8. (2a)° + 2° = (2a + 2){(2a)4 — (2a)8x + (2a)°2” - 2aa>+ x4} 
= &e. 
9, 34— (2c)* = {37 + (2c)?}{32— (2c) = (9 + 4c7)(3 + 2c)(3 — 2c) 

10. (3m)§ — (2c)5 = (3m-— 2c){(3m)* + (3m)%(2c) + (3m)2( 2c)? 
tp (3m) (2c)* + (2c)4} = &e. 

11. (a7)? + (78 = (a7 + w7)(al4 — a7 27 + zl4) = &e, 

ie (at)> Se (m4)? a (at+ m*)(at6 Bs alms + asm? — atmi2+ m} 6) 

13. ((¢*)$ +. ((@2)8 = &e: 

14, (ao) ert: (m?)8 = CGE As m*°) (x29 — Z10M10 + m?°) = &eC 

15. (a4 + c®4) (a? + cl?) (a8 ue 6) (a8 + c?) (a5 — c®) 
=-{(a°)? + (c8)*}f(at)® + (04) (a2)8 + (c?)*}(a? + c3) (a8 — c3) = &e. 

16. (a)? + (m*)3 = &e. 

7. (a4 ae Cee (2s dt ez) (azn 5 Coy Ss {(aLe) 8 ue Gene)? 
{(a9)8 as (¢°)?}{(a9)? — @)} a qs ae BOGE? — aisels de c85) 
(49 + c9) (a8 — a%c9 + 18) (a9 = e9) (al8 + a%9 4 op?) 
= {P+ COON + COC — (YAS = at*e1 + 626) 
(a1® — a%c9 + c1®)(al® + a%9 + ¢18) = (a8 + c8)(a# — abeS + ¢l2) 
(a + (aS — a8 + ¢6)(a3 - c*)(a® + akc3 + ¢5)(a36 — g18e18 
+ c88)(at§ — a%¢9 4 c18)(qi® 4 a%9 4 cS) = f(a?) + (02) 
(a + c®) (a — c8) (a3 6 — ql8o1s 4 e826) als — @9¢9 4 chee) 
(at® + ae? + cl®) (al? — abe8 4 cl2)(a8 — G3 4 c&)(a® + are3 
16°) = Se, ’ 

18. (m**)® + (c48)% = (m48 + C48) (m96 — mt8ese 4 c98) 
& {cn '6)8 +(¢} 5)8}(m9 6 — mt8ce48 + c?8) = &. 

19. (a2)? + (m2)? = &e. 

20. (a27m27)8— (p27)8 = (42727 — p®")(a54m54 4 G27 m27y27 
pee) = {(a9m9)3— (p°)}(a® 4md4 Haz m2 p274 5 cy = (am? —p) 
(mts + aSmp® +p! 8) (a> 4m5 4 4 a2 Tn? 127 + p® 4) = {(a8m3)3 
~ PYG m8 + amp? + pt®) (a 454 ¢ 027m? "p27 4 p54) = &e, 


xe) ALOVEBA, 11 
Vnunown KK, 


LU BLYVbMO@ ONAN MEN Do Oe Ue 
4, WM = GP) = Yi — hibit 4¢ Nat) = S208 = YU) = hit?) MG? = ify 
Bt Bil — Uh y bun» Oil Vaan % Wb Nb mm Bo? 4 hu 
PNAS = 460 — hue 


(4) (5) 
W004 04 0) Pm of (fm hg 4 Vm ye, 
eo ~ "7 4 Pr 
Ws 9 PNG = ph 


LY YO" V wm gf OT ee ee a 


4 Uf GH VT = Gh GT om hd PV ghn gh 
| (1) tty oh ip 
A-1)1 414141, he, PUG =, be, 
Lewis 
mes | 
dnd 
i 
on ! : 


, 
8. (+ 2) tn Op + PAO) - PI = 0+”) 
 -A)(0 -0 04 2)\(05 40 & 4 2°) = be, 
9. 0 wt (tb t= hi up + Up) Pu? 0b 4 = Up, 
a HED 5 op - {(242 + 4} ~ 1 + G ~ 123 + 4) + 
"Wt =9 044 (124 1) -B ~ (24241) 


Ye . {4 ~ If + G ~ (443) (441) | 6 _ 00 4) ~ 66 


it~ b=-G “ti fa -6 
bt aan 
: (i) 
142444241 1424344, 
1-241 1-2-3 
TF2424741 LF24G44 


~2n-4-b6~-4-2 Stuhaeb~s 
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TPover ast e306 9-12 

14+904+0-2+0+0+1 14+0-4-8-17- 12 

26 +025 +0ant—22%+0224+02+1 a5 +0atb - 40%? 8a%*- 1 Tab4-12b° 

Spo eet al = a5 — 4a%b?— 8a%?— 1'7ab4— 1205 
(12) 


xt + 028 - (a? -b +c) 22+ (abt+ac)r-—be+ a+ ax-c 
1j1+0-(a?-6b+c) + (ab + ac) — be 


-a| -at+ a —ab 
+c +c = ac + be 
l-a+ 0b =2?—ar +b. 


13. (a64 — m64) = (a*2 + mi) (a*2 — m®) = (a+ m™)(a1® + m1 ON 
(a6 — m6) = &e. 

14, (a?+ 0?) x 4th factor = a+ a. (a ~c) x 5‘ factor = wt — cit 
and (a + c) x last factor = a4+ cl. Hence required value 
= (at Mya + cM) + 0) = (a — 0) (a + 0?) = att — At 

15.¢+6=O0anda=}3..6=-3; a@+6+c=0,anda+b=0 

ne 0 4{k-(-a)ap= 2 fk - (- DS 2) =e 

16. ve b% — 3a% + 3ad?+ 34% + Bab? + a®+ D8= 2a*+ Gab* 
= 2a (a7 + 307) 

17. 3 (a—m)?— 2 (4a? - 9in?) - (10m? + Gam) + 7 (a? — m?) 
+ (10am — 4m*) = 3a? - 6am + 3m*— 8a? + 18m? —- 10m? — Gam 
+ Ta* — ‘Im? + 10am — 4in? = 2a — 2am = 2a (a —m) 

18, = m{(m —2a)(m — 2b) + (m — 2b)(m = 2c) + (m — 2¢)(m — 2a)} 
=m\(b-atc)(a—b+c)+(a-b+c)(atb-c)+(atb—c)(b-atc)} 
= m{c? — (6 - a)? + a? — (b — c)? +b? - (a - c)} 
= m(c? — 6? + 2ab — a? + a? — b? + 2bc — c2 +b? = a? + Qac — c?) 
= m(2ab + 2ac + 2be — a? = b? — c?) 
= m(2ab + 2ac + 2be — a? — b? — c2 — 4ab + 4ab) 
= m(2a¢ — 2ab + 2bc — a? — b? — c2 + dab) 
= m{(c —a—b)(a+b—c) + 4ab} = m{(c-a—b)(a+b+¢—2c) + dab} 
= m{(c—a—b)(m— 2c) + 4ab} = m{m(c — a —b) — 2c(¢e—a—b) + 4ab} 
= Babe + m?(c — a — b) + 4abm — 2cm(c — a — b) - Babe | 
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= 8abe + m2(m — 2a — 2b) + 4abm — 2cm(m — 2a = 2b) = Babe 

= 8abe + m(in? — 2am — 2bm + 4ab) — 2c(m* — 2am — 2bm + 4ab) 
= 8abc + (m — 2c)(m? — 2am — 2bm + 4ab) 

= Babe + (m = 2c) (m = 2b)(m = 2a) 


Exercisr XXI. 


. 3b x 6ab2m, and 4am? Vania 
. 3am? x Ta, 3a%m? x Gam, and 3am? x 5m?. 
. axy(8ax + 17m — 3am2x), and xy(5 + 3a — 140%), 

4, (2? — ma”) + (22 —2mzx), and (22+ 4x + 4) + (ax + 20); 
that is of x2(1 —m) + 2x(1—m); and (x +2)?+a(x+2); thatis 
of (x? + 2x)(1—m), and (2+ 2)(@+2+ a); that is of x(x + 2) 

(l-m), and (v2 +2)(4+2+a). 

5. That is of 3a7(a - x)(a + x), and 4a7x?2(a — x); 

6. That is of 3m3(a3—m%)(a+m) ; 4m5(a?— m*)*, and 4m?(a? — m?) 
(a—%m); that is of 3m* (a? — m?)(a? + am + m*); 4m® (a? — m?)?, 
and 4m? (a? — m?)(a—m) 

7. That is of (e@-—7)(«+3); (w-7(@—-5), and (a - 7)(x + 12) 

8. That is of a(x — 1)”, and a*(z —1)(x — 2) 

9. That is of (@+4)(@-1); (@-1)%, and (@-1)(@ +1) 


won 


Exercises XXII, 


Q) (2) 

gaa <8)2'—5r = =14(1 20° 1224+ 212 - i 828+ 21r2~20r +4 
z*—x— 6 
~42~8 *"" are aie 40x + 8(a —2 


2Qx* — 1225+ 2127 - 10x 


—4(xc + 2) 
2 — 42°4+ 2127-302 +8 
+2) epi 6(4 -3 — 4x34 2422 — 42x + 20 
a? + 2x — 32%4+12c7-12 
—- 32-6 -3(z?— 42 +4) 


- 32-6 


14 KEY TO “tite, xxit. 


a? — 4x +4) 203 - 1227+ Qe -10(QQx-4 
223 — 8x2 + 8x 
— 4277+ 132-10° 
—427 +162 -16 


—3xr+6 
— 3(@ — 2) 
Zn 2x? - 424+ 42-2 
x? — 2x 


—2c+4 
—22+4 
3, (a? - az) — (Ta — Tx), and (a° — ax) — (3a — 32) 
a(a—2x) = 7(a— 2), and a(a- 2) - 3(a—2) 
(a4-%)(a- 2), and (a? — 3)(a- 2) 
4. x(a7+ 4” -12), and 27(4 + 4)+5(r+4) 
x(x +4)(x — 3), and (27+ 5)(x +4). 
5. a? — ab — 2b?) a* — 3ab + 2b7(1 
a — ab — 2b? 
— 2ab + 4b? 
— 2b(a — 2b) 
a@ — 2b)a? — ab — 2b?(a +b 
a? — 2ab 
ab — 2b? = 
ab — 2b? 


6, a® — Bab + 4b?)a° — ab + 3ab? — 308(a + 4b 
a — 5a7b + 4ab? 
4a*b — ab? — 36° 
4a") — 20ab?7 + 16b8 
) 19ab* — 1968 
19b?(a - b) 
a= b)a? — 5ab + 4b2(a"= 4b 
a — ab 
— 4ab + 4b* 
= 4ab + 4b? 


is. xxrrj ALGEBRA, b 


7. Rejecting the factor 2 from the first quantity (42 — 28 
15x*— 925+ 4722-212 + 28)6025— 3625+ 4824 — 4525+ 422% 450% 12 
6026 — 36a° + 188x* — 842° + 1122? 
— 1402+ + 392° — 70 x*- 452412 
3 
= 420x4 + 11 72° — 210z? — 1362 + 36 
— 420x4 + 252x° — 13162? + 5882 — 784 
: — 13525 + 11062? — 7232 + 820 
13525 = 11062? + 23a —820)152* — 92° + 472? — 21e + 28(@ + 205 
x : ‘ 
13524 — 812° + 42327 — 1892 + 252 
1352% — 110623 + 7232? ~ 8202 
102525 — 300x? + 631x + 252 
2% 
276752° — 8100x? + 1703 7x + 6804 
27675x° — 226730x7 + 1482152 — 168100 
21863027 — 1311782 + 174904 
43726 (5x? — 32 + 4) 
Sa? = 3x + 4)135a% — 1106? + 7232 — 820(27x ~ 205 
135¢°— 81x2+108x 
— 102527 + 615a — 820 
— 102527 + 615” — 820 


8. That is of 2b(3a8 — 3a7y — y° + ay”), and 30(4a? + y? - Bay) 
That is of 2b{(3a°— 3a7y) + (ay?— y°)}, and 3b{(4a?— 4ay) - (ay —y?) 
2b{3a*(a — y) + y?(a — y)}, and 3b{4a(a - y) - ya — y)} 


abla — y) (3a + ¥"), and 3b(a —)(4a- 9); 
Otherwise, 

402 — 5ay + y*) 30° — 3a7y + ay? — ¥8 
4 


12a? = 120"y + day? — 4y? (3a + By 
12a — 15a’y + 3ay? 

Baty + ay? — 478 

4 
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12a’y — 15ay?+ 3y8 
~~ 19ay? = 194 
, 19y? (@-y) 
a—y) 4a7- 5ayt+y? (4a-y 
2 
ngs: @ 0. Me=b(a=9) 
— ay ty? 
9. e+ 12a ~ 28) a? + 9a? + 270-98 (a-3 
a? + 12a? — 28a 
— 3a? + 55a — 98 
—307-— 360+ 84 
91a — 182 
91 (a—2) 
a= 2) a?+12a—28(a+ 14 7 
— 2a 
14a — 28 


14a — 28 
10. 8b? (a8 — 30% + 3ab? — BS), and 12a? (a? — 2ab + 87) 
That is of 8? (a — b)§, and 12a? (a—b)? 
11. Rejecting the factor 2 from the first quantity and mul- 


tiplying the second by 3 Gus 
3a5+ 10a% 6a 2407+ Lla+6)3a%+ 1205-944 4803+ 3307+ 36a—27 
3Sa® + 10a° — Gat — 240° + 11a? + Sa 
2a> — 3a* — 240° + 22a? + 30a — 27 
3 
6a° — 9at— 72a°+ 66a?+90a— 81 
6a> + 20a*-12a%— 48074 22a4 12 
— 29at — 60a° + 1140? + 68a — 93 
29a44- 60a 11407~ 68a +93)3a°+ 10a4*— Gas — 2407+ 1lat+6(3a+1i0 
29 
87a + 290at — 17408 — 696a" + 3190 + 174 
8i7a5 + 180a* — 34208 — 2040? + 2790 
i 110a* + 168° — 49207 + 400+ 174 


x29 = 


x, 2x, xxDI] ALGEBRA. 1 


3190a* + 48720? — 1426847 + 1160a+ 5046 
3190a* + 66004° — 12540u? ~ 7480a +-10230 
— 1728a°— 1728a*+ 8640u— 5184 
— 1728 (a* + a? —- 5a + 3) 
a® + a* — 5a + 3) 29a* + 60a? — 1140? — 68a + 93 (29a + 31 
29a4 + 290° — 14507 + 87a 
310% + 31a* — 155a + 93 
31a* + 3la* — 155a + 93 


12, Rejecting the factor 2 from the first, and 3c from the second 
~ o% = 8ab? + 6b%) at — 30% — 8a%? + 1806? — 864 (a — 2b 
a*— ab — 8a*b? + Gab? 
—2a% ~——-+ 12ab®— 84 
— 20%) + 2a%b? + 16ub? — 1264 
— 20%? — dab? + 464 
— 2b? (a? + 2ab — 2b*) 
a? + 2ab — 2b?) a® — a7 — 8ab? + 6b5 (a — 36 
a + 2a*b — 2ab? 
— 3a7b — 6ab* + 6b® 
— 307b — Gab? + 6b8 


Exmroigse XXIII, 


1, 4% —3 x ab*r7y? = — 1207b%x?y? 

2.4x3x ear y?2 = 12072? y22? 

3. (@-y) (@- y= {@-y)(P- WP = @- wy - zy t+ yy? 

4, (a2 + zy ty”) (x4 - yt) = 28 + ay + rty? — xy — zy? - 6 

5. x*(1—2)?; (w-1)(@ +1), and 42(1 +2) that is 27(1 - 2)’; 
(1-2)(1+2), and 4x(1+ 2) = 407(1 - x)? (1 + x) = 40° — 42% 
— Ax? + 4a? 

B 
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6. a6 — b6 gontains a — 6%, and a + b° as factors; .*. 1. c. m 
= 36 (4-5) (a® —bS) = 36 (a7 — ab — ab® + b7) = 36a — 360% 
~ 36ab5 + 3607 

1. @ (@—3); (@-3) (a — 7); and z (@-7) 

wi Lc. m. = x (@? - 10r + 21) = 29 - 1027 + 21a 
8. (a°— 2°), and (a? - ax) - (a-2z) 
a—2x', and a (a—z) -(@—2) 
a*—a*, and (4-2) (a-1) 
o.l¢.m = (a@— 2) (4-1) = at — a8 — aa + 2° 
9 G. C. M. of two given quantities is a? — 7a + 12 
a — 9a7 + 26a — 24 
a — Ta+ 12 

~ (a8 — 8a? + 194 - 12) (a = 2) = at - 100° + 35a? - 50a + 24 

10, 3(a— 6)(a® + ab + 6%); 4 (a—b)*; 5(a—b)(a + b) (a2 +b) 
6(a — b)?, and {(a— b)(a + 6) $8 

Or of 3(4 — b)(a? + ab + b?); 4(a@—5)8; 5(a—b)(a +b) (a7 +87); 
6(a— 6)", and (a + 6)°(a — b)8 

vb. c.m.=3x4x5 (a—b)§ (a+ b)® (a? + ab + 67) (a? + 5?) 
= 60(a19 + a°b — 085? — 20768 — 2a%b4 + 2a4b% + 20%? + a2b® — ad? 
— 519) 


-a-2 


Exercise XXIV. 


a(a = b) m(2a + mx =m?) 
* a@+y) 5 m(3a? + m) 
c(1 +a) ab(1+b+m) 
3. nd +4) 4. Z(L+b +m) 
abe? ax*ys 
aaCESD 8 5am tay ray) 
Tax®y2(3 — 5a) a-m : 
1 eh? * G@=m)(a¥m) 
Sele Aastha (a-b)(a-») 


(a + b)(a — b) oe: (a = b)(a? + ab + 6%) 
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(a+b) ~ Pe) + b?) (a? — m*)(a* + an? + m4) 
‘ @-b)(2 + ab +P) ze a? — mn* 
(P- m”) (a+ m*) T(z - 34 + 5) 
caihaal ad =~ m*) ate 11(a?— 32 + 5)" 
. (@-1)(@-4) (22 + 2) (2x + 3) 
+ (@-D@+8) 16. 5 438)( 2-4) 


‘a(x + Dy + By) (a — ab + b*)(a ~ b) 


11. S2(a2? — aay — by?) 18. (ab + 0) (a+ ab + BY’ 
, (02 — m?)(a* + m2) (a? ~ m*)(a* + m*) 
1) Ba—m) -mWa-m) ~ (ma -m)y 
; (ae + be) + (ad + bd) c(a +b) +d(a +b) 
20, (am + bm) + (tap + 2bp) ~ ma+b)+ 2p(a+b) 
(e+ d)(a+b) (2£+a)(4 +b) 
~ (n+ 2p)(a+b) A, (x~+c)(2+b) 
(z ~ 1) (22 + 3x ~ 5) (4+ m) (a? + 2am + m? — x”) 
"— @ -1)(ta — 5) 23. 2 (a = mya + my? — 2”) 


FE (a + my + 2am + m? — x”) 
* (a + Quam + m* — 2”) (x? — a + 2am = m*) 
(a4 + 2*) (a* — tat + w*) 
(tah) (a6 altah 4 ata® — dial tg gle) 


24. 


Exercise XXYV. 


- BEBE e-~a-1+2 a+ 1 


-1 a 1 
Ban + 90 — yz - By -— (307 — 37-30) Bar +9a~ ry ~ By — 307+ 30 
or eapag o T thi eR ale 
Bun - Bay+asy-y’-%ao-zcy Ban -3B0y- 24-4 
4, ee eletgttin fs hitomi e Ps 


3a%s + Bax* — ay? — xy + am + mz — 30x? — zy? 
sii ' a+ 
302 — ay ~ Lay? + om + mE 
wae a4+z 


20 KEY TO [Ex. xxv, XXVI. 


‘ xyz + 2maxy + mz? + 2m?z + eyz — 22m — 2m2z 2ayz+ 2mxy 


Z+2m Neg 2m 
_ 2ey(z +m) (a + b)8—(a—b)§ 
2+ 2m a+b 
a+ 3a*b + 3ab?+ b' — (a3 — 3u*b+3ab?—b%) 6a2b+2b3 2b(3a?+5?) 
“3 a+b | v9 Getbes | ati 
a?+m?—a?+m? Aan? a*+z%-a?4+2ax—27 = ax 
aim ~ atm? 9 eas yo ee? 


Exercise XXV1. 


xz? 
= Hating) 
2.a—2) ee tae aang 
ax + 2? 
ax — x? 
Pie 
F A yr + yt 
3. ety) at deyt Prey atyt¢ eect y- ry 
a? + xy 
ry +y* 
xyty? 
ae yf 
x8 + xy 
— xy — 
— vy - vy? 
xy? — y* 
zy ty 
Tone : 
4, m—p) 5m — 5p? + 3 (5m? + 5mp + 5p? + —— 
m=—p 
5m8 — 5m2p 


5m%p — 5p? +3 

5m2p — Bmp? 
5np* — 5p + 3 
5mnp? — Bp 


Ex, XXVII, XxVIII.] ALGEBRA. yA 


a-1 1 
5. ab — 6) ob — ab -—a4+1 (a- ——— = 4 
det Ada: = 9-1) b 
—a+1 
b(4a +1 
6. m+b) m+ab + 5am (1 + 6a— 
m+b ns 
Bam + ab — 6 
Bam + 5ab 
- 4ab—b 


Exercise XXVII. 


2(e@+y) 3x2 22(4e+y) («#-y) Qx—3y). 


* “2(@ = ¥?) j 2(x? — y)? 2 (a? — y*) , &e. 
a Av x*+1 Ba +2 3a(2?-1) 44(27~1) 
ITO) grees eee tae 3(a*—1)? “3(z*—-1)! 
3(a? + 1) (3x + 2) (x?-1) 
3(a7—- 1)? ™ 3(a*-1) * 
6a2(a —b) 2a a-b 


* 6a7(a* — b*)? 6a5(a* — b*)? ane 6a®(a? — 64) 


=- 


Exercise XXVIII. 


4am + 3m — 2be y(“2+3)e+2a—5b) 

am ‘1 Sepa eee cig 
(a—b)*-(a+b)? —4ab 4ab 

a — b? "“@-- BoB 
31l5x2—-18r+35r+ 6222 / 
a | 
oO+y(at+yy—acy (ety) +a? + Qxy?t+y—2%4y—zy" 
SS oo, aaa aCe 2 ) srs 
c(a—b)+a(b-c)-b(a-c) 0 


abe st abe ~ 0. 


22 _ KEY TO [Ex, xxyvuit. 


m(m=—p)—p (m+ p) _ m?—mp — mp — p? 


= 7 &e. 
(m + p)(m — p) (m+ p)(m—p)? 
38 @a- 1) -4(1= ba) 7 Qatd) 12a-14 _ 14-124 
ee | pin dials able sge 


9. Multiplying both num. and den. of lst fract. by - 1 in 


order to change the signs of the den. we get 


x(x — 16) + (@ + 2)(2e + 3) — (2 - 32)(2 — x) 


4—<24 
— 16x + (2074 Tx + 6)- CS) 
: 4— x? 
ary xe+y xrt+y xr-y eee c—y xet+y—r+y 
arenas et aoe MT b = &e. 


(m+ p)(m—p) + (pt x)(p—- 2) + (m+x)(x -—m) 
ie a 
(p — &)(e — m)(m — p) 


(m? — p®) + (p? — 2?) + (a? — m?) 0 
a (p — &)(@ — m)(m — p) . (p — 2)(@ — m)(m — p) = 
(a-b)(b+c)+(b-c)(atd) 2ab — 2ac 
te: (a+ 6)(b +c) ~ ab + be + ac +be —be + 6 
2ab — 2bc — 2ab + 2ac 
~"<@h +aed, temo 
l+ae2-(1—-2) 3(1+ 2%)-3(1 - 22) 22 122 
sons EN 1 = 42? > Yoat tae 
2x — 82° + 12% — 122 14x — 2028 
“(1 =24(1 = 40) * 1-52? +424 


14. Multiplying both terms of each of the last two frac. by 
1 we get 


Mm . m m 
a(a—b)(a—c)” b(a—b)(b-c)  c (a—c) (c—d) 
_ bem (b =c)(e — b) — aem(a—c)(c = b) — abm (b — c)(a — b) 
abe (a—b)(a—c)(b —c)(c —b) 
_m(2b?c? — B8e — be’ — a2c? + 2a*be +ac8— abc?— a2b2+ abs ~ abc) _ m 
* abc(2b%c3 - 8c — be — ate? + 2a°bc + ac® = abe ab? 4 abs — abec) ~ 


Ex, xxviii, xxrx.} ALGEBRA. 93 


OTHERWISE THUS 
Maltiplying both terms of 2nd fraction once by —1, and of 3rd 
fraction twice by — 1, we get 
m m m 
a(a=b)(a—c) ~ b(a=b)(6=c) * e(a=c)G=6) 
whence we have J. c. m. of the den. = ubc(a—b)(b —c)(a=c) 


F E bem(b — c) — acm(a—c) + abm(a —b) 
“. the given fractions = ioaesr 7) CE) (Ce) a 


~ abe(a=b)(a=c)b—c) 
acm — be?m — a’cm + b?em + a2bm — ab’m 
abc(a — b6)(a — c)(b — c) 
c?m(a — b) — cm(a? — 6?) + abm(a—b) = 4m = em(a + b) + abm 


t~} 


. abe(a — 6) (a —c)(b —c) * “abe(a = c)(b=c) 
m(c?-ac—be+ab)  m{(ab — be) — (ac — c*)} 
zm abc(a — c)(6 —c) i abc(a —c)(b —<) 


m{b(a—c)-—c(a—c)} m(b-—c)(a-c) mn 
= “abe(a=—c)(b—-c) ~ abc(a—c)(b—c) ~ abc 


Exercises XXIX. 
7G Se aes 2m x z?@xy? 
cescam = Ee. “Bk ay xa 
2(a+b) a(a—b) 2a—28 
3, xy 4 3(a + b) = 3y 
3a ctl 2-1 3(et+1)(@-1)_ 327-8 


Sey Sects bila Hb) Mae ab 
(a-a)(a+xz) (a+b)(a—b) a _ a(a-b) 
e eee" ate *gaa-2)  « 


a—~m? at+m? (atm)(a?+m) a+ ma?-+m?a+m® 


my a—m my my 
4 (a- 2x) (a+) Aax® 4r(a—2) Aax -— 42? 
ees re 


312 Ove 3 3 


hale, 


(c-a)(er+a) (e@t+b)(e@t+c) sta 
(z+b)(a@—a) * (v+e)(a+d) xtd 


KRY ‘£0 py POSE BOS 


(x-7)(w@-6) (@-5)(2-4) (@-T@- abe wee llz + 28 
a(z —5) *<e@=6) a ae ae? 


ubcdm am 


. bedf *y 15 ~ fey 16 


(a — 2)(a +2) a—-l a-2 SGoDG=Dy (a— 2)? 
Sata? = 1) vase dade Gaston 2a 2a 
(2 -a)(a +a) co Ragen Ss (eae) 


a(v2+.6)-—a(x+6) * g(x tc) +d(a@ +e) 


(e+4)(e=3) | (= 5)@*D (w-3)(@+7) 274+40-21 


“+ (g—8)(@—5) * (w@+ 4-11) (e@—8e—11) 2192488 


l-ata@ @t+a+1l {(a?+1)-alf{f(W+1) +a 
Ap Gee = 


3 - a 
(@+1P-@ ae peed 
i adnpar comet 9 
go CEES 4m) 5a a+ 2m 
a — 2m * §@a+4m)(Qa+4m) ~~ a 
2(a@ — 2m)(a + 2m) 1 
~ 3(@= amar am) ~ 7 = 1 
Exrroiss XXX. 
1 xz 1 y y 
i =a 7 eet = a 
at+x2% a-x£ G+2 a are 
“1G Oben ~| CGe Bae meee : 
a+b (a-b? ab: 4 


Gb * Garb arb 


Peter G (y+2)(y—-2) wo 
4 gaa gap gs 2 SAF eNI= 2) 


m-3 (e-9)(-8) 2-3 
=9 0 (@-8)(te 1) at 


Px exexy KxZt] ALGEBRA. 25 


POP a rb? © GP be a = 08 I 


be Ot Te ae * ay By =) 
(a8 — 2%) (a3 + 2) 1 a—-x 1 
(fe aa x Koay aX 5 i 
(@-2) Gtx2” W+ax+e2x a*—ax + 2 
_ (4 = 2)(a? + aa + x*)(a + &) (a? — aa + x) 1 a-< 
7 (4@-—2)(a-2) Sata attaxt a 
1 1 
w—ax+z? 1 t 
3(u2-1) . 2a(at+b) Ba(v?~1) 3a? - 3a 
eet), etal. ee ee T 
pe te ee Ee (On ae) te ra 2y 
: xy ty? ; ay +" 
2y? + 2Qey + 27 zy +y? 
% Biota iy a apse 
xry+y 2y° + 2ry + x 
4a?b? _ _ 4ab 4a2b? a? — b? ab 
10, at — b4 ~ at — b* ~ (a* — b?)(a* + b*) * ~4ab ~ a + 64 
Exercisp XXXI. 
a—-b Ta—22x 
saga 5(a — b) u Ya — 2x 
ie <7 = ————— o == ——_—___—_— 
10a + 96 10a+ 96 3 21 
15 1 
a) 21— 122 
et ax 20 3(21 = 122) 
3, —_—— = —— 4, ewe 
atiz atx 3-1  10(3x—1) 
a 6 
15 — 62 + 6a 
5 10 3 (15 — 6x + 6a) 
eee 
"10a 4-102 —6 2(10a + 10x — 6) 
15° 
8a — 2a 
a 1-407 4a 4 1-a 
ey SOC - 
‘oy ee T+4a wag eee 


| 


°6 KEY TO [Ex. xxxI, | 
a? +b? ab Bede 
—b? a(a*—ab + b?) (a—b)(a+4) 
oe yn * me aos * (a+b) (at ab +64) 
aie 
xy? — 1 — xy? -1 Aaa | 
eh eee ees 
t 1 1 + 
is J [= xy im ty-1—ay 
“zy 1 ls tye I ry-1 
ry 
-1 -1 —1 ek. 
xy ry zy cS ee 
“ysl l-ay l-itay ay | otf 
Teed eee 1 at 
a 
c a 
ve fr a a 
df+e of bdf+be+cf adf + ae 
a ae b+ fre _. Ofte. bafr ber of 
‘  adf — ac adf —ac adf — ac adf — ac 
bdf+bet+cf bdft+be+cf bdf+bet+cf bdf+bet+cf 
adf+ae a(dft+e) 
~ adf—ac ~ a(df—c) ~ 
2 + 8m? 1+ 4m? 
4m — 8m?  m—2m% — —-1—4m? 1 + 4? 
1. tre om? “Team md 4m) = mam®—1) 
— 8m -1 


Exercise XXXII. 


1. 12% + 4a = 84 — 32, or 19x = 84, or x = 4,85 


2. 10% —x2 = 5x + 20, or 4x = 20, or r = 5 


3. 168% — 28x + 12” = 632 — 231 + 84a + Pe, or 5x = 525, 


or x= 105 


Ex, xxx11.] ALGEBRA. 27 


. 30% — 105 + 9x ~ 3 = 5a + 40 — 30x, or G4 = 148, or z= 24, 
. 56 - 42 + 20 = 84— 7x + 49, or 32 = 57, or x = 19 
- 562 — 8x = 2le + 7+ 14¢ + 84, or 18a =91,orz=17 
. 8 — 65 = 35 + 22, or Gx = 100, or x = 163 
15r+45 — 12x — 48 -960 =— 20x — 20, or 232 = 943, orz=41 
. 80% — 82 — 76 = 300 — 352 — 55, or 107% = 321, or x = 3 
10, 1122 + 480 = 3024 - 392 + 84, or 151z = 2628, or x = 17,8}; 
11. 208% — 442 + 308xz + 374 = 858x — 4433 + 143z, or — 4852x 
=— 4365, or r= 9 
12. 4a +4- 3c =6+14-— 32, or 4v = 16, orxr=4 
13. 360x — 160z + 200 + 48x = 2040 + 60 — 180% + 45x + 15, 
or 383x = 1915, or = 5 


ODOT OA 


40z-—60 °34r—- 108 


14. Multiplying by 12 we get x + 2 Se OSS 
39r + 12 36 — 23a z 
=12—- e s ; ; 
0 4 160x — 240 136z — 432 
This x 4 and reduced gives aie a7 = 3x - 36, 


or 800% — 1200 — 952a + 3024 = 105r — 1260, or 2572 = 3084, 
or x = 12. 

15. 602 + 30x + 15x — 36x + 252 = 120x — 156, or 51x = 408, 
orz=8 

16. 336 - 10x +10— 776 + 56x = 162 — 34 + 11 — 144, or 33x 
= 291, orz=9 

17. 302 + 20% + 15a + 12” + 10x = 60% + 25% + 240, or 2zr 
= 240, or x = 120 

18. 12% — 20+ x + 60 = 92, or 4x =-— 40, or x =—- 10 
1252 + 500 1252 + 500 
“92-16 1% oanig ~ OF 
125% + 500 = 450% = 800, or 326x = 1300, or z= 4 


19. 36 +2027 — 20x = 86 - 


28 KEY TO [Ex., XXxIt- 


120+ 702 152-65 552 - 85 


20. SBN ge BO a 


= the given equat x 10 

960 + 560x 
2730 = 2002-5 = 10g = 6b = 1102 4: 170 Cr) = (1) 
reduced and x 8 
9452 + 960 + 560x = 23535 (1m) = m reduced and x 9 


15052 = 22575, or = 15 


1442 — 432 : 
21. Occ 20) = \are ar te (1), = given equat. x 36 
1002 — 80 = 144z — 432 (11) = 1 reduced and x (54 — 4) 


44x = 352, or r= 8 
22. 30x + 20a, + 60 — 15a +60 = 127 +60 + 1900, or 23x = 1840, 
or x = 80 
23, 900 352 — 70 = 75 + 202+ 10-51 + 92, or 26x = 104, 


ore =4 
1227 + 362 + 27 


a 2 ff ies 
24, 1527 +102 10z* + 18 27 +182 34 4 


= given equat. x (3 + 2x) 

1227 + 362 + 27 
3+ 42x 

9a +27 +1227 + 36a = 1227 + 36x + 27 (a) = (a) x (8 + 4x) 


-. 9x =0,orzxz=0 


@) 


382 +9= (11) = (1) transp. and collected 


2ie — 39 ' 
25. 6x + La a oe 6x +7 (4) = given equat. x 9 

5 + 10a = 21le — 39 (m) = (a) red. and x (1+ 22); llw=44..7=4 

c-b 

26, az = ¢ — b, or x =) —— 
3b? + 3b 
27, 9ax — 3b = 3be — Qua, or Llax = 3bc + 3b, ore = 
28. 8b2 — 6x = a = b? + 3azx, or (8b=— 6 = 3a)z = a — Bb? 
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29. 40°bx ~ Ga?+ 2az = 2abe — abx + b*x (1) = given equa. x 2b 
(40% + 2a — ab — b*)x = 6a? (11) = (+) transp. and bracketed 
6a? 
” = 4a% + 2a — ab — 0? 
30. 15abe — 10cx — 5ac = 20ab — 15bx — abcx + bc (4) = given 
equat. x 5be 
(155 + abc — 10c)x = 20ab + b%c + 5ac — 15abe (a1) = (1) trans- 


posed and bracketed 
20ab + be + 5ac — 15abe 


~ 15b-+abe—-10e 

31. bdz + adx + bca = bdf, or (bd + ad + bc)x = bdf, &e. 

32. abe + 4a? — 4a? + 12bx — 4abx = 407b? — 10a? +.12b2 + 4a?z, 
by multiplying the given equation by 4a; and this reduced and 
+ by a gives 3bx + 4ax = 10a = 4ab?, or (3b + 4a)x = 10a — 4ab? 


“= 


10a — 4ab? 
7 = "3b + 4a 
33, abr — ax — b7c + abc = bx, or (ab — a? = b*)x = b%e — abc, 
bc(b - a) 
f re Haw 


34. lla? — 3ar — llab + 3b@ — (607 + €cu - 5ax — 5bzr) 
= (a+b)? +22 (1) = given equat. x (a? — 6?) 
2ax + 8bu — 2x = b? +19ab — 4a? (11) = (1) reduced and transp. 


2 2 
(2a + 8b — 2)z = b? + 19ab — 4a? cia eae 
: ; Za + 8b - 2 


a 
35. a? + 2ax + x? — 4abe = x, or (4b — 2)z = 4, ote 


Babe bx 2ab + b? ab? . 
Io, hn a Sh att aah + oP id yh ee 


= given equa. with num. and den. of 1st term x 3, and 2nd and 
5th terms factored 


Babe bx ’ 
“x eg aaa ¥ byt ab +a Gat on 3cx (11) = (1) with 2nd term red 
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3abe aba ab? : ; 
arb ~ (@+by + (a+ b> 3cx (115) = (11) with 2d term further red. 


BSC ay i} (iv) = (@m) with Ist and 


ab ab > 
anb 8° * Gaby” ath 
3rd, and 2nd and 4th terms factored 


ab ab 
Vas as (Vv) = Gv) + {8c + aoa 
37. 3000 + 1720x — 2210z = 2032 (1) = given equa, x 1000 
693% = 3000, or x = 47 


3x 23x 
38. 3 + 64 -ax = 3a-—56-, or 33a + 594e — 99ax = 29%a 
— 23x; or 6502 — 99ar = 297a, or (650 — 99a)x = 297a, 
297a 
or % * 650-994 


zx 
39. 42(2 — 4) + 35(1-2-2)-30(2-1- = = 105z + 30, 


by multiplying the given equation by 105; and removing the 
brackets from this we get 42x — 14435 — 35a — 14 — 30x + 30 
+ 10a = 1352; or 1482 = 37 2.2 = 4 


« 


40. T2ax - 9b — 75b = 180 — 456 — 35c, or 12ar=1804+39b—35c | 


180 + 39b — 35¢ 
ee 
41, ab? + a@x — b2x — x? — 3ab + 3abe = ce — ac + ar — 2? 
ax — b®x + 3abx ~ cx — ux = 3ab - ac — ab? 
(a? — b+ 3ab — c — a)z = 3ab — ac = ab? 
3ab — ac — a2? 
a? + 3ab —-b?-c—a 


oo LH 


t= 
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Exercise XXXII. 


1. Let « = greater, then 47 — x =.the less, and ae Ct — 2x) 
= 13, or 24 —47=13 


22 
2. Let x = the less, then x + 21 = the greater; 
or 22 + 21 = 3a 


22 x 
3. Let © = money; Rut Wyn part paid away; then x 
74 ED 
a tre + $2°50 
- 21 
4, Let x = the number; then = 7 i 
6 


6. Let 2 = the quotient, then 2x + 32 + 4% = 54 


22 32 
6. Let 2 = debts ; then 5 = ist payment, and — = remainder; 


3 Sas 9x a he 2z* 9x 
7 of F = 35 n payment; then +a5+192=2 


7. Let 2 = the number of cattle in the drove, 


zx & Hi 9 
then > +Gtat = 2 


8. Let x = the number of sheep in each flock ; 2 -19 is twice: 
as great as x — 91, that is r-19 = 2x — 182 


CE TS 
9. Let x = the number; then 7 ii el 


3 z 3x 

10. Let z= the number; then 2z—- 7 of = 25, or 2a-77 = 25 
x 

11, Let x = the number; then x + ee 39 


x Lae e 
12. Letx = the number; thens-(F+q)=Iore- 5-5 
= 17 


22 — 15 3a 
13. Let x = the number; then 2 +75 ape 3 
5(@ +11) 


14, Let « = the number; then 2 
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15. Let x = the number; 12S eae 8 

: 36 
16. Let x = price per barrel; then Tes number of barrels; 


° 


36 36 
and ae 5 = number of barrels sold the second load ; fe -—5)zx 


= 21, or 36 — 5x4 = 21 
17. Let x = distance in miles, then 3x = half distance; 4x + 4 


x ay 

Soy times in hours 4 travels; 37 + 4= On times in hours B 
1 ee 

travels; then }a - 34 = “go = 4 OF F= 263 


18. Let z = the time-in hours, and since the three runs of 
stones severally require 72, 84 and 90 hours to empty the 
granary, they will in 1 hour empty respectively jy, 3 and 5 


x . . 
oa} Similarly 


: aga 
of it, and in x hours they will empty 72 84 and 90) 


& 
the teams will respectively fill in x hours = and 


xz 
60 7gi then 


x x zx xz zc 


19. Let x = date of abolition of slavery in Canada; then 
3(z - 1780) + 1620 = year of massacre of Lachine. Therefore 
x + 3(x — 1780) + 1620 

2 

20. Let x = 4’s share, then + — 120 = B's, and x= 106 = C's, 

Therefore x + « - 120+ 2-106 = 7400 


+116 = 1862 


ort Ye . : 24% — 
21. Let x + price in cents of a music lesson, then = 
3 ' 24% —300 
= price ofa drawing lessson; therefore 32z = 24 39 } +1000 


22, Let x = the number of volumes on science; then 3z 
= number on travels, 3x = number on biography; 412 = number 
on history, and 9x = number on general literature. Therefore 
x+3x 4+ 3x + 32+ 9x = 1435; whence x = 70 
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23. Let x = length of Niagara river, wherefore 4x — 6 = length 
of Rideau canal; then 2(5¢ - 6) — 100 = 230 

24, Let x = days required to finish the work. Then since 2 
does +45, B, 345, and C, +4; of the work i in 1 day, 2 and B work- 
ing 1 day, and B and C working 2 days will finish +); + +35 + 7s 


= j/é5 ef it, and the part remaining to be done = 12%; ina duiys 
A does Sth. ; B, sts. and C, ths. of ths work, therefore 


\ 


or 15a + 1247+ 10x = 109 


25. Let 2 = greater part; then n ~ x the less; and x-(n-72) 
=a=-c 

26. (1) Let 2 = minute divisions the hour hand passes over; 
then since the minute hand travels 12 times as fast as the hour 
hand it will pass over 127%; but the minute hand also passes 
completely round the circle (60 minutes), and then in addition 
over the x minutes. Therefore 60 + x is also equal to the 
number of minute divisions passed over by the minute hand; 
then 122 = 60 + 2, or llx = 60, or x = 5,8;; hence the hour 
= 5’ x 12= 1h. 5,§- m. 
(1) To be opposite the hands must be 30 minutes apart ; then 
letting x = space in minutes passed over by hour hand, and 
remembering that the minute hand travels 12 times as fast, and 
also goes over 30+ minutes, we have 122 = 30 + 2, or 1lz 
= 30, or = 2,8 and 2,8 x 12 = 3258,’ past 12 

(mr) By similar reasoning to the above 12x =15+4, or llr 
= 15, or x = 1,4,, and 1/4 m. x 12 = 16;4, m. 

27. Let x = price. in dollars of first field; then x +90 — 25 
= price of second field, wherefore (x + 90 — 25) + 90 = 2x 

28. Let x = days required by 4 and C to finish the remainder ; 
then 3; - st + gs) = 495 = part C does in i day, .*. in 11 days 
C does +/,7;, and B and C together in 5 days do x45 + dy = vou 

(9) 
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= 3%; Hence part remaining to be done = 1 — (io + #o) 
192 


x 
= 1360 -— ats = 335 then in w days 4 and C will do 5 + 7359 


= side 2 8 194} days 
- 50 t 1300 7 3 3a6) or 26x + 19x = 896, or = ay 


32 
29. Let x = C’s snare in cents ,then can 2540 = D's share; 


4r 32 
aa — 2540) + 4000 = 7 + 2984 = B’sshare, and (x + > ts 2540. 


Ax : 32 Ax 
+ 7 + 2984) = 24+ 444= 4's. Thenz+— its 2540 + — 7 + 2984 
+22 +444 = 718900, or 4% + 888 = 718900, or 4a = 718012... a 


‘ Bh 538509 
= $1795:03 = C’s share; ae 2540 = = 2540 = $743°898, 


rf 
&e. 


30. Let z= the number of days required; then since 4 men 
can do it in 9 days, 1 man can do 3g of it in 1 day; similarly a 
woman can do 74, and a child ;4,5 of it in 1 day. Hence 


x 3x x 
ye ene 1, or 352 + 54x + 42% = 1260, or 13iz = 1260 


31. Let 2 = right hand digit, then 14 —z = tae left hand digit 
and 10(14-—2)+2= the number. Hence +%,(140 — 9x) = 3x 

32. Let a = value of the property then 8600 — x = gain had 
the note been good, and x — (8600 — 640) = x — 7960 = loss 
when note proved worthless. Hence x — 7960 = 2(8600 — x) 


33. Let x = weight of head; then «+9 = weight of body. 
Hence x =9+3(e+9), or 22=2+4 24, or x = 27 = weight of 
head; and body=2+9=27+9=36. Hence fish weighs 9 + 27 
+36 = 72 lbs. 


34. Let x = his capital; x + 4” — 1000 = capital at end of 1st 
year; $x — 1000 + 4($x — 1000) — 1000 = capital at end of 2nd 


16z — 21000 16x — 21000 1 /16z — 21000 
ro agee ad beg oe ee Be ) = 2000 


year = 
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_ 642 = 84000 P 

tae ee 1000 = capital at end of 3rd year. Hence 
64a — 84000 

= ae 1000 = 22 


x 
35. Let x =the distance in feet, then “j= number of revol- 


x 
_utions of the fore-wheel, and p = revolutions of the hind-wheel. 


x z 
Hence [ = 7 +.". ov = aa +abn, whence be ~ ax = abn ~. 


36. Let x = number of minute divisions the hour hand passes 
over before the minute hand overtakes it; then the minute hand 
must pass from XII to XII, i.e. 60 minutes plus z minutes in order 
to overtake the hour hand, that is while the hour hand passes 
over £ minute divisions the minute hand passes over 60+ 2 
minute divisions, but the minute hand moves through twelve 
times the space the hour hand travels in a given time. Hence 
12x = the space travelled over by the minute hand, while the 
hour hand goes over minutes. Hence 12% = 60 +2.*. llz = 60 
and consequently x = 5,5;; that is the hands will be together 
for the first time after XII when the hour hand has passed over 
5,°, of the minute divisions, i, e. in 54-x 12 = 1h. 5, m., and 
similarly they will be together again 1h. 5-$;m. afterwards, and 
goon. Hence they will be together at Lh. 58-m., 2h. 10!9m., 
3h. 16+4; m., 4h. 2149. m., &c., and they will be together as 
often as 1h. 5-7; m. is contained times in 12 h., i.e. 11 times. 


3%. Letw=the greater part, then 96-2= the less. Hence 


oe 
7 + 3(96 - x) = 30; clearing of fractions we have xz + 2016 — 212 


= 210, whence xz = 90,3; = the greater, and 96-2 = 96 — 90;3; 
= 5,/5 = the less, 
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3x 3z (9 
38. Let x = B’s share, then sae A’s share, $3 of > =F 


i Soe 
share, consequently x + Seif Toy eee 2560, whence by clearing of 


fractions 4a + Gz + 9x = 10240; that is 19% = 10240, whence x 
= $538-04:4 = B’s share, .. A’s share = 3 of B’s = $808°42,%,, and 
C's share = 3 of A’s = $1212°63-8, 

39. Let a = rate down .-. 28x = distance, and x — 5 = rate up 
the river, and x —3 = rate up the lake ; length of river = } of 
28z = 122, .. length of lake = 16r 

122 16x 28a a 19 
peo eee a(S ng 2-3 ~ 3(@=5) 


4 10 
a3) 7 Beas) 7° 12P - 60 = 10 - 30, w= 15, e-5= 10, 


x-3=+ 12, and 28x = 420 
40. Let x = the whole property, then $1800 + 4(@- 1800) 


x x 
= $1800 + ols $300 = on $1500 = share of the eldest; also 


& 


x bx 
- (= + s1500) = © — = $1500 = part remaining, and $3600 


ae 
T 


52x a: 
ils — $1500 = $3600) = $3600 + 35 ~ $850 = 367 $2750 


It 


share of the second, but these nes are equal. Therefore 
# 5a x : 

77 + $1500 = 36 + $2750, whence x = $45000 and 6 + $1500 
= $9000 = share of each; also $45000 + $9000 = 5 = humber of 
children, 

41. Let x= the left hand digit, then ¢@+ 7 =the right hand 
digit; also i0c+a+% = the number, and # + 2+%7=2e47 
loz +247 

22+ 2e+ 
lla+=42+ 14 + 7, and .. 2 = 2, x+7= 9, consequently the 
number ig 29. 


= sum of the digits. Then =2+gp ay Whehed 
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42. Let x = B’s share, x - 20 = C’s, and (2% — 20) + 80 =.2’s. 
2 (2a = 20) 
Then 2 + 2 ~ 20 + ———-—— 
+ 4% — 40 + 400 = 10500 .*. 14a = 10240, and w = $731°426 = B's 
share; also $731:429 — $20 = $711:42$ = C’s share, and 
2(B731°425 + $711-425) + $80 = $657-143 = A’s share, 


43. Let x = the number of rows, then ?+ 75 = number of trees 


+ 80 = 2100; whence 102 — 100 


also « + 6 rows each containing x ~ 5 trees = 274+ 2-30+5= the 
number of trees. Then 27+x2-30+5=27+175; whence «= 100 
«, v? + 75 = 10000 + 75 = 10075 = number of trees. 


n 
44, Let x= one part, then a—«= the other; and x = mit -*) 


: na 
oe ML = Nb = NX, OF ME + NT = NA. VS 


eat ] a-2 
m+n? #89) % 
na MA+ NA — nA Ma 
=ad~ = = 
m+n m+ m+n 


45, Let x and 60 — x = the two parts, z being the less; then 
2(60 — a) = 327... €0 —x = 3x, and x = 15°= the less; whence 
60 — x = 45 = the greater. 

46. Let x = the growth in acres of one acre of grass for one 
week. Then the growth of 3} acres for 4 weeks=ax12x4 

40x 
= 3-5 and the growth of 10 acres for 9 weeks=xx 10x 9>90z. 
Therefore the whole quantity of grass eaten in the first case 


40x + 10 : : 
= 3h -—5 acres, ‘and the quantity eaten in the 


second case = 902 + 10 
Hence in the first case the quantity of grass eaten by one ox 


402 + 10 202 +5 : 
= — Sora xy = ae and in the second case the quan. 
90x + 10 
tity of grass eaten by one ox = (902+ 10) x 4 x a= Teaager 


But by the question an ox in the first case eats as much as an 


ox in the secqnd case 
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20z+5 902% +10 


—— = ———; = +), of an acre 
Therefore 72 i893 whence x aly 0 
2r+5 +5 80 E E 
= oom EE al part of an 
Hence 72 72 l2x73 =? fractional part 


acre of grass caten by one ox in one week, .*. one ox in 18 weeks 
will eat 4; x 18 = } acres. 

Now since each acre increases at the rate of ;4 of an acre per 
week 24 acres will increase 2 acres per week, and in 18 weeks 
the 24 acres increase by 36 acres, and therefore become equiv~ 
alent to 60 acres 

Then 60 acres + $ acres = 36 oxen. 

47. Let x = the first, then nz = the second, and mz = the third. 


a 
fore 2 + n Me = a xv = ————- = first; s 
Therefore x + nv-+ 2 » Whence oe first; second 
na Sthind Ma 
SS en =nz= ——_ 
. l+m+n? 9 : ltmin 


MX pr. 
.48. Let x = the first, then ror the second, and ts the third. 
ME px 
Therefore 2 + ee ore a, whence ngx + mgx + npx = nga, and 
ang 
ng + mg + np 


= the first part 


ee eras ang ang 
SE NS a. Si ne ta ane ng + mg + np 


ne 


an an 
Phird part = = oe = 


ngtmgtnp  xrgtmgtnp 
49. Let x = the number thrown by the first after the second 
commences; then « + 36 = whole number thrown by the first; 


P 
= eae 
g 


roe the number thrown by the second. But every 4 charges 


of the first consume as much powder as every 3 charges of the 


second, and they are to consume equal amounts of powder, | 


aA oe wake : 
oa ey i whence z = 216 = halls thrown by the first 
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after the second commences. 


thrown by second. 
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Therefore 3 of 216 = 189 = balls 


Exercise XXXIV. 


10. 4u + 6y = 2a 
pr: 
19x = 2a + 3b 
2a +36 
EtG 
3y =a~ 2x 
4a + 6b 
abk ad Thess 
19a — 4a — 6D 
eS 
15a — 6b 
34 Sao 
5a — 2b 
SF 9 


12, 2abx — 4aby = 2b? 
2aba — aby = ac 
Baby = ac — 2b* 
ac — 2b? 
y= “sab 


ax = b + 2ay = b + —3p 


3b? + 2ac — 4b? 


0% Sean Sb 
2ac - b? 

ae = 35 
2ac — b? 

Pe ee 


3ab 


i 


13 


2ac — 4b? 


127 + 4ay = 4m 
12x + 3by = 3n 
4ay — 3by = 4m — 3n 
(4a — 3b)y = 4m — 3n 


4m — 3n 
Y= 4a — 3b 
4am — 3an 
32 =M—ay=m— iT RE 
4am — 3bm — 4am + 3an 
ae 4a — 3b 
3an — 3bm 
lair 4a — 3b 
an — bm 
2 4a = 36 


~@-Yy=a 
ee et: 
(r-y)(ety)=b 
aety)=6 
ax +ay=b 
ax — ay =a? 
2ox = a? + b 
a? +b 
ar 
2ay=b -a? 
b-a 
2a 


y= 
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14, cx — ay = acm 
(m—-c)r+(m+c)y= ne 
c(m —c)x — a(m —c)y = acm(m —- c) 
c(m — c)x + cm +¢)y = ac’m 
mcy + cy + amy — acy = ac2m — acm? + aca 


aem(2¢ — m) _ 
Y= e+ c + am — ac 

2a%e2n — a2cm? 
cx = acit + ay = acm + ——— ney ham = ie 


am(me +c? + am — ac) + 2a?em — a*m? 


ge me + c* + am — ac 
amc + anc? + am? — acm + 2a2cm — a®m? 
EN ON Re ey = Oe eae 
ame + amc? + aem 
= "me + ch + am = ac’ 
15, 16. art ae 
& y 2 f= 11 
bin my 11(@ - y) = 55 
cag ae Tenys5 
bn mq e+y=11 
en ee 5 ast 
(ab — bmyy = bn + mg z=8 
bn + mq 2y=6 
¥* wom — 
m n UL ors 
wo" GF4o peng 17. 4592 - 463y = — 495 
ab — bm — 5¢+ 19y = 131 \ 
m hin: sk haeke 22952 — 2315y = — 2475 
fe) ae bee ag: — 22952 + 8721y = 60129 
m abn +amq—abn+ bmn 6406y = 57654 
aK bck mg eee 
1 aq +on be = 19y-131 = 171-131 
© ng + bn Bx = 40 
mg + bn 


z=8 


ag + bn 
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18. cz —ay= acp 
ax ~ cy = a? + ¢2 
“maa ees 
ace — cy = ae +8 
cy — ay = cp — We — 


acp — ac — 3 
y = —— 
ih LE + 

F @c%p — arc? — ct 
IZ = W Fetocys@rer+ a ena Th 


ct — a* + ac*p — ac? — c# ac*p — a = ac? 
Boer: c? = a ae ar 
(19) 
35x - 126 + 28ay + 49y = 282y + Toy | 
722? — 90xy — Lila + 42y — 75 = 722? — 90cy + 930y = 10024 + ace 
35a—- 2ly= 126 
32932 — 2960y = nit 
115255z% — 889lly = 414918 
115255a - 5a ~ 103600y = 312095 
Ta680y = 102823 “Y= 7 
352 = 126+ 27y=126+189=315 ..x=9 


(20) 
3(a? — b*)x + 5(a? — by = 80%) — 2ab* 


3ab2c 
3(u? — b?)x + 3(a + 6 +c) by = 3a*b + Gab? + 
( ) ¢ y 


a+b 

5(a? — b*)y — 3(ab + 6? + bc)y = 8a*b — 2ab* — 30% — Gab? - 
5a*b — 3a7b? — 8ab* — 3abc 
So aoe 


ecommerce ee eee Sh8)gb 
(5a* = (é} c)y = EES 


3ab?c 
a+b 


(5a — 8b? — 3ab ~ 3bc)y = 


yo 
8a*%h — 2ab? 8a2b-2ab? = 5ab 8 a2b — 2ab*@— 5 a2b + Sab? 
ae ok Gir ee os aera 
rp + 3ab? —3ab(a + 6) 3ab ab 
Er ack lo ios ; Bh Say i Ok 


Re 
= 
i" 


He al[Plef[e wlejefe} + 


& 


| 
KEY TO (Ex. X=Xv. | 
) 
Exercise XXXV. : 
(6) (D) 
1 5 ct y= xy 
jee C+ 2 = 2rz 
eclen 2y + 22 = 3yz 
eee ay sf 
es aoe Sige thee ts 
Zz 6 4 2 i 1 
1 7 Shas 
=s — Sie 
z ee Lotagt 
2, Ry = oA eeiagi uae 
= y9i OY = 4459 = eos 
Has : : ee 
it —-—= 
Bie eee, camp 2 y 
2 12 9 2 
7 ear] b, —+—=83 
tis Save i 
ee ae Se Ss 
abe z 
4 
oe, we reli AEs, Rare 
ee ig 7. c= 2 Mies 
1 1 
aouy 
uf a 4 
= ae IE las 
(8) (10) 
z+ 3y+22= Add all four equations to- 


32 + by —-22=m 
8x — 2y + 22 = 2n 
4zr+8y=b +m 
jae 
12x + 24y = 3b + 3m 
88x + 24y = 8m + 16n 


T6x = 5m + 16n—36 
5m + 16n—36 
og 1. © 
5m + 16n — 36 
+ 8y=b+m 


gether and then + 3 


vtuty+z= 23 


v+xut+y =13 
z=10 

Utz +2=17 
y = 6 

vty +2z=18 
x = 5 


r+yt2=2) 
2 
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5m + 16n — 3b 
8y=b+m— fou 
22b + 14m — 16n 11b + Tm — 8n 
5:8 ROE Sep Oram 
5m+16n — 3b 116+ %m—8n 
z=n—4r+y; ci a my ats Sheer te 
76n — 20m — 64n + 12b + 11 + Ym — 8n 
A Sean WS TREVOR ST Te 
23b + 4n—13m 
a 76 
(9) 
aba + by = be 
abx + acz = a? 
b?y — acz = be — a? 
c*y + acz = be 2bc — a 
Or eysite oa Y= wee 
2bc? — ac 8 + bc? — 2bc? + a 
IGE ARR ER Las ae ae 
BF — bc? + ae 
strated 
2b7c — bat cb? + c3 — 2b%c + u2b 
ee as SO ar Dip ae eC 
8 — b7c + ab 
= a+ act 
(1) 


ax + ay + az = a? + ab +c 

ba + cy + az= a? +b? 4c? 

(a-b)z + (a—c)y=ab+ac-B=c 

bx + by + bz = ab + b? + be 

cx + aytbe=a? +b? 42 

(b =c)x + (b-a)jy=abt+be—-@—- 8 
(a-b)a+(4-c)y=abt+ac-b?-¢? 

er ecins «no Jacek 

(2ab — b?— a?)x + (a=c)(b-a)y = 2ab? + abe —b3 — bc? = ab — ac + ac? 
(ab - ac ~ be + c?)x + (a—c)(b - a)y = ah — a — ac? — be? + ae + 8 
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(b? + a?+c?— ab ~ac—be)a =b3+c3—a?— 2ab*— abe + 20 + 2a7c — 2ac? 
b3 + 3 — a’ — 2ab? — Qac? + 2a7b + 2a%e — abe 
b? + a* +c? — ab - ac — be 
(a-—c)y=ab+ac-—b?-c?-(a—b)(b+c-a) 

(a—c)yy=@-ab-C+bew. y=ate-b 
e+yt+esatbte.z=at+b+e-(b+c-a)-(at+ce—)b) 
z=at+bt+ce-b—-ct+a-a-ct+b; z=atbec 

(12) 


ax + a?y + az = am 


(es =bt+ce-a 


art yY taz=n 

ax +ay + 2 =p 

ay —y + a2 -—az=am—n 

ay -YyYt z-az=p ge 

(a —1)y+ (@-a)z= amen 

(a -1l)jy-(@ -1)z=p wit 
(@-l)yt+ (@-a)z=an—-n \ 


a*—a)y —(a—a)z=ap —an 
( dy = ¢ ) ? am —n + ap —an 


9a? — —_ = - _ O = 
(2a -a-1l)jy=am-n+ap-an..y a esr 


(a@-l)z=(a-ly—-ptn 


am —n+ap—an 


(a-1)z= TT apa I oe we 
am —n + ap — an — 2ap+ 2an—-p+n 
ee ied ang Cae 
_ am—apt+ran — p am -ap+an—p 
(a-1)z= Saal Ss 2.8 Ogg eee 


am —n + ap — an + am — ap + an = 
p= m—a(yts) =m -a( APO 1 = = 


a : 2am —n — p 2a2m — an — ap 
xc=mM=— 2a2@—a-1 ae hike Fy Se SE 


2a*m — am — m — 204m + an + ap ap-am+an—m 
kg i a Ree ec 
2a*#-a—]J re 24—-a-—] 


d 


a 
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Exerciss XXXVI. 


e 


- Te +y) + 4y = 50, and 2(x — y) + 3x = 16 


2. x+y=a, and bx —cy = 0 


iS) 


. Let x = price in cents of hay per ton, and y = price of 


Ay 
' oats per bushel: 2x + 35y = 4400, also = = reduced price of 


4a, 82 
oats and aS increased price of hay; then a + 28y = 5120. 


8x 
Hence the equations are 2% + 35y = 4400, and — + 28y = 5120 
v0 


4. Let 2 = length, and y = breadth; then zy= area. Then 
(x + 20) (y + 24) = zy + 4180, and (@ + 24)(y+ 20) = xy + 3860, 
which two equations when reduced give 6x + 5y = 925, and 5a 
+ 6y = 845 


5. da +4y=11; fx -1=thy 


6. ©+y = 144, and #7 - fy =1 


to 


zc 4x 7 cet 
7. @+y = 48, and = = zu or xy = 162, or dividing by x we 
get y= 16 


8. r=h(ytsz); y=ta+2)+6; c=}@+y) -3; whence 
by reduction we get 4% - 5y - 5s =0; -«@+2y—2=12, and 
-“=y+3z=-9 

9. Let x = sulphur, y = saltpetre, and 2 = charcoal 
et+y+2= 4000; yt 2-2 = 3240; e+ y-2= 2760 


~ 
4 


be 


10. @+y+2= 72; fx = 4y; i2= 

11. Let # = space occupied by one shilling, and y = space 
filled by a ten cent piece; then 16x + 27y = 1, and lle + 13y 
= +9, whence x = 733 , and y = yy; wherefore the purse would 
hold 1424 = 4024 shillings, or 4° = 44} ten cent pieces, 


46 REY TO {Ex. xxxvi. 


12, Let «= number of lines, and y = number of letters in a 
line; then zy= number of letters ona page. Then (#+ 3y(y +4) 
= zy + 224, and (a - 2)(y — 3) = xy — 145; or 4x + 3y = 212, and 
Ba + 2y = 151 

13. Let x = left hand digit, and y = right hand one; then the 

102 +y_ 
number will be represented by 10x + y. Whence lz + 2y—4 


cry . 
= 8; and i533 or 4x — By = — 12, and 23% — 12y = 65 


14. Let z = number of ten cent pieces, aud y = number of 


, by 
twenty-five cent pieces; then 10x + 25y = 8160, and a7 6x 
= 4; or 5y —- 122 = 8, and 5y + 2a = 1632 
x(a — 1) 


x 
15. Let x = rate before the accident .. x — Te = 


= rate after the accident 
Let » = the number of miles from Kingston at which the ac- 
cident occurred. 


; n Sie, an n 
Fes CSR pe eg ar i eh 
a 
, n=—C nm—Cc a(n — c) n—-C 
AMSG ea Te Pe Haye er eae 
a 
n 
From © z@-1) oe eoe(a ay 2 oD 


From (yD) ; oe SCE aye _ acne = d (av) 


a= “g '@(a = 1) 

n c n 
+, From GY) 5@—1) ~ z@=3) 7% But (mM) F(a = 3) =b 
Cc ‘ gant 
b 7 ih ae Ts at eae 

Pid 


whence x(b — d) = et coe 


@= DG =a 


> 
- 
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16. Let a = the number of inside passengers, and y = the fare 
in dollars of each 

Then x + 4 = number of outside passengers, and 4(4y — 4) 
= fare of each 

Then zy + (€ + 4) x }(4y -2) = 45; or 22xy + 32y — 2 = 634 

Also } 1 = fare of inside passengers for half way, and ;4;(4y — 3) 
= fare of outside passengers for do., and the whole fare was in- 
creased by +? of $45 = 6 

Then 3y + -2,(4y — 4) =6; or 38y=171; or y = $4}, and this 
substituted in the first equation for y gives us 22 x fx + 32 x 3 
~ x = 634, or 98x = 490; whence a = 5 = inside passengers 


17. Let x and y = the digits; then the number will be 107 + y 

Then 10zr + y = 2zy (1) and 1l0z +y = 4x + 4y; or 6x — 3y= 0; 
or 2x -— y = 0 (a1) 

Adding equations (1) and (11) we have 12x — 2xy = 0; and 
dividing this by 2x7, and transposing, we have y = 6; whence 
«x = 3, and the number = 36 

18. Let x, y and z be the digits, then the number will be 
100z + 10y +2 

LtEYts 
100z+10y+2¢-—198=100z+10y+2. These reduced give the 
equations — x + 2y—2= 0, 52x — 38y — 472 =0, andz—z=2, &e. 


100c¢+10y+z. Then y=4(z + 2); = 48, and 


19. Let w = the oz. of A, andy = oz. of B; thenx+y=p (1) 


* b 
since p oz. of A lose b oz. in water, 1 02. will lose ru and .. a 
“* 


ba Cy bene 
oz. lose —; similarly y oz. of B lose ria in water .:. 7 a os 


P 
= a@ (11) 
From (1) bx + cy = ap (1) and multiplying (1) by 6 we get 
ba + by = bp (1v); then (111) - (rv) gives us cy — by =ap—bp 


Ok Ce ee oat) 
“y= “Tap 5 Similarly «= “Ta 


4 


(Ex. XxxvI. 


. KEY TO 


7 


48 


9$ = FST-O9T=2° OOT=Z+1IT +1241 +18=27+ht+r+m+a puy 


OG Sweaty it fol soais (A) + @ oF 


THE = MN". HOT = 


(4) 91 =2z~-2-m'-a—fgt*. zg 


(Al) 8 

(111) F 

(ul) Z 
@A0G SB (1) O9T 


=z-h-m-a-2} *. & 
=z-h-r-a-me ‘7g 
=z-h-xz-m-a ‘“%E 


tht rr o+a 


oh = @*.° BOT = 7g SaAld (AI) + (1) ie 


mp saais (ir) + (D ospy $1s$=@*-' OL = ag soars (11) + (1) AON 


=(@-x-m-—a- figt)z puy 
=(@-h-m-a-2))P 


(z-h-x-a-—mg)g os[y 
= (2-h-x-m-—a)91 4 uenbesu0g 


‘OM — 291\(2 ~ c-m-a-figizg(-h-m-a-2))p(z-h-xz-—a-—me)gl(z -fh-x—m—a)9] ‘omes mE 


Z9T 
78 
zy 
2% 
C 


(Z+h,-e+n+a)-fig(z -fh-m-a-2}1)Z 


(z+h+rg-n+a)—27 
zy 
2G 


(@-h-x-a-mg)pz-fh-x—m-—a)g ‘owes WIE 


6) 


(z-h-x-a-mg)z(z-h-x-—m-—a)p ‘ames pig 

(z+ht+e4+m-a)-me(z-h-x-m—a)z ‘owes pug 
nz (z+h+artm)—a ‘oumvd 4s—T 
f x 


¢ X ZE 0} [vubs oq ysnui Louota s9yy ‘pue 4B ges pvy yove oouls ‘Q9T =z7+A+ur4+mM+4+a voy, 


*z pus “f ‘x ‘a ‘a kq £paart00dse1 poyussoader oq Surjrvys ye AouoUI Alay] 397] “OS 
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Exercise XXXVIII. 


1. (2a+3)5 = (2a)$ + 6(2a)53 +15(2a)432+ 20(2a)339+ 15(2a)234 
+ 6(2a)35 + 36 
8. (3 — 2m)® = 35 — 5 x 34(2m) + 10 x 352m)? - 10 x 3%(2m)é 
e+ 5 x 3(2m)* — (2m)5 
9, (3a ~ 2y)® = (3a)? - 5(3a)4*(2y) + 10(3a)9(2y)? — 10(3a)*(2y)* 
+ 5(3a)(2y)* — (2y)® 
19. (2b — 5c)? = (2b) -- 3(2b)"(5e) + 3(26)(5c)? — (5c) 
* 11, (8a - 4y)* = (3x)# — 4(32)%(4y) + 6(3x)?(4y)* — 4(3xr)(4y)° 
+ (4y)4 
12, (ab + 3c)® = (ab)* + 5(ab)*(3c) + 10(ab)%(3c)? + 10(ab)?(3c)s 
4+ 5(ab)(3c)* + (3c) 
13. (2ac — xyz)? = (2ac)> — 3(2ac)*(ryz) + 3(2ac)(ayz)* — (xyz) 
14. f@+6)—cPh= (a+b)? - 3+ b)’c + 384 + bP - = a 
+ Bah + 3ab? + 6° — 3c(a? + 2ab + 6) + 3c*(a + b) - 8 
15. {2a — (b + oft = (2a)* — 4(2a)%(b + c) + 6(2a)% +c? 
— 4(2a)(b +c)? + (b + c)* = 16a* — 320°(b + c) + 2407(b? + Ade + c*) 
— 8a(b° + 3b7c + 3bc? + c%) + bt + 4D%c +. 6b7c? + 4bc? + c# 
16. {2(a + b) — 3c} = 25 x (a+b)§-— 5 x 24a + b)4(3c) + 10 
x 28a + b)8(3c)* — 10 x 2°¢a + b)%(3c)? + 5 x 2(a + b)(3c)* — (3e)5 
= 32(a° + 5atd + 100%? + 104%? + 5ab4* + b°) — 240c(a* + 405d + 6a7b? 
+ 4ab? + b*) + 720c?(a? + 3a7b + 3ab? + b*) — 1080c8(a? + 2ab + 5) 
+ 810c4(a +b) — 24325 
17. {(1 + 2) -— 27}# = (1 + 2)*— 401 + 29x?) + 6(1 + 2)*(2)? 
—4(1 + ©)(a?)* + (w?)*= 144246074 40+ 24 40°(1 + 3a +3074 03) 
+ Gxt(1 + 2u + 2) — 408(1 +2) +28, 
18. {(a— b) + 2c}5 = (a — b)® + 5(a — b)4(2c) + 10(a ~ b)%(2c)? 
+ 10(a — b)*(2c)?+ 5(a — b)(2c)* + (2e)5 = a5 — Batd + 100°0?— 100728 
+ 5ab* — b° + 10c(at — 40°) + 6a7b?— 4ab3 + 64) + 40c%(a8 — 3a 
4+ 3ab? — b) + 80c%(a? — 2ab + b7) + 80c4(a — b) + 320° 


D 


50 ' KEY TO (Ex. 2xxIx. 


Exerciss XXXIX. 


@) (2) 
4+ 2” — 1222 eek a 
ya? — 328 — 22° 
+ 9x4 +28 
(3) (4) 
4a? — 1223 — 224 l-at 40? — 2a% 
9x* + 3x Ja? — 2a3 + at 
+ jax6 4a* — 4a° 
+ a6 
(5) 
1+ 2x -2?-2°5+ 224 
a?—x-— a*+ 22° 
zat +325 — 76 
: iaS — a7 
+ x8 
(6) (1) 
4a* — 4a%x + 8a%2? 1+ 20x — 2cz? 
ax? — 40723 b*x? — 2bcxs 
+ 4a?x* + cnt 
(8) 
— 2ube = 2acx? + 2adx 
bz? + 2bcx? — 2bdx* 
c7x* — 2cdx§ 
+ dx 


(9) 


1 -— 2a + 2b7x? — 2c8z8 + 2d4x4 


— 2ab2x? + 2ackx® — Qad4x* 
b4a* — 2b%c8x5 + 2b7%d4x6 


c§x® — Ac8d4n7 
dy 


aot i 
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(10) 
{(a + by? = (a8 + 30% + 3ab? +d)? = 
a + 6a°b + Gath? + 2053 
2a*h? + 18a%b? + 6a%dt 
9a*b* + 6ab® 
+6 


(11) 
{(@- es = (a? —- 2ae + c2)* , 
={@- ac + eye = (at - dae + 60%? ~ Aac? + ot)? 2 
a? — 8a7c + 12a%c?— Barc? + 2atct 
16a%c? — 48a°c3 + 32u4c*#— 8a%c% 
36a4c* — 48a%c* + 12a%c6 
16a7c5 — 8ac7 


abe 


(12) 
(ax? — dax + 4)? = atxt — 8a%x8 + 8a?x? 


16a?x? — 32axz 


+16 
(13) 
4—12x+162?-— 223+ 1iz* 
9x? — 242° + 324 — 245 
16+ — 47° + 826 
ta — 447 
+428 


(14) 
1 — 4x — 227 + 42° — 224 
422 + 403 — 8x4 + 405 
at — 42° + 2x8 
4x5 — 4x7 


+2 


D2 KEY 'TO _[Ex, Xur. 


Exercise XLI. 


(3) 
4x4 + 1203 + 5a? - 6x +1 (22? + 3r—1 
4x4 

4a2 + 32\ 12034 52? 
1205+ 9x? 
4x2 + Gc) — 422 —-6x4+1 
— 4¢2 -67+1 
(4) 


This may be worked by the rule or it may be bracketed so as 
to show the sq. root: thus z* — 2x2(y2 +1) + (y? + 1)? 


(6) 
9at + 120° + 34a? + 20a + 25(3a? + 2045 
gat 
6az + 2a) 12a° + 34a? 


1208+ 4a? 
Ga? + 4a + 2) 30a2 + 20a + 25 
80a? + 20a 4+ 25 


(12) 
(@ — y)t = 2(a? + y®)(u — y)? + 2@a* + yt) = wt day + 6x? y2 
— 4ry> + yt — (2at — 4x3y + Av? y? — day? + 2y*) + Qzt+ Dy* 
= at + Qa2y? +y4; and xt + 2n?y? + yt = 22 + y? 


(3) (a® — 62 + c2 — d?) 
at —202b? + 5442022 —2b%c2 +'c4— 2a2d? + 2b2d? — 202d? +04 
at 
242 —b2\ —202b2 + 0 
—2a2b2 + b* - 


202 — 2b? + ee) 2a%c? —2b%c? +c% 
2a%c? —262c2+c# 

2a? — 262 + 2c? — ee 2a2d? + 267d? —2c?d? +d* 

—2a2d? +2b2d? —2c%d? +d* 


Bx, XLT, XLII.] 


ALGEBRA. 53 
(14) 
1— 3a + WPa? —7a8+ Zot — 445 4 ba6 — data? — 42° 
i 
2- 4a —ja+ iia? 


—3x+ ta 
a= eT) 2x? — Las + Txt 
2x? —4a5 + x4 
9 


2 — ja + 2a? — fa) — fad + bat — pe? + yy x8 


— 4x2 + 404-425 +106 


(15) 
eo oe y? Tee 
dat 4+ — + — — ry — 2 F— Or? + — a — 
ta tty xy bie Gt ee 5 
ta4 
x a ee ge 
oe ee 
y is PY 
x3 Poked 
vite , 
ete ee my, y? 
Fe est Tiere) Jatt 4) i leery 
CG) 
12 
—2y-2+4 
Exerecisp XLII. 
~ (2) 
a6 + 6a5 — 400° + 96a = 64(a? + 2a-—4 
as : 
5 iS 6a° — 40a 
a 3 
+ 6a ch 4a? 
3a* + 602 + 4a? 6a + 1204 + 8a3 
3a* + 12a3 + 12a? — 1204 — 48a? + 96a — 64 
— 12a? — 24a 
+16 


3a4 + 1203 = 24a + 16] - 1204 - 480% + 96a - 64 


54 KEY TO (Ex. XLII. 


ee) : 
a — 6a + 15a* — 200% + 15a? - 6a + 1(a? — 2a + 1 
as 
3a4 = 6a* + 15a* — 20a8 
— 6a 
as 
3ut* — 6a? + 4a? _ 7 bah + 12a*— 8a? 
But — 120° + 120? Bat — 12a? + 15a? - 6a+1 
3a* — 6a | 
+1 
30% -— 128+ 15a7—6a+1| 3a*— 1208+ 15a2- 6a +1 
‘Ce [22 — 3ax + 4a? 
8x6 —36ar* + 102a%r* - 1 7late3 + 20404e? —1440°r + 640% 
8x6 
122+ =36ax° + 102a%2* -171aexs 
= 18ax® | 
+9a?x? 


, 


122*- 18ax*+ 9a2x?| -—36ax> + 540%x* -27a%x? 
1224 ~—36aa*+ 27022? 48a7x4—1440%x"4204a4n2-14405 x 
24077 — 36a8x +64a° 
ue 16a) : 
12x*—36axr'+5latx*—36a8x + 16a*|48a7x4-1440%r*-20 404272] 440° @ 


A +64a6 
(8) (@+b+etdte 
a® + 3026 + 3ab? + b3 + 3(at b)2c + 3(a + b)c% + Ke. 
a? 
3a*b + 3ab? + 68 
3a? 
+ 3ab Be 


3a* +3ab + 6b? | 3a?b+ 3ab? + 63 


2 3 b)2 2 3 
3(a + b) +304 DC 4 os (a+ 6)?c+ 3+ bce? +c 
3(a + b)2 + 3a + b)e +c? 3(a 4+ 6)%c + 8(a + b)c? +3 
3(a + b +c)? 3(@+6+.¢)*d + &e. 


+3@tbrejd , ge 


8G +b +c)* + 38a +b +c)d + d? 3(a+b+c)*d + &e. 
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Exercise XLIII. 


ar - my -m av \-m a7 1\ mn B2\ mn 
LTC OC 

6. (a txt) aly Shad): ie 16 E hs 
(a? x a7?xat)-3=(4 Poets -suh, = 

(a-?x atx at xat) 85 = (gst htt ayes ce(ger iy 


(aM) ft a2 


va 


iG a eh) Mia c}t Me 
(a ee ee peer 
{ ({a22}) 4x at } 7 { (at)? xat)” ={a ma rh? SED cee 

& { (av? )* (ators)? x asoses( favs}! 06 )F x q~ 15 ~ i ee 
= (aks? a ©G* c# g8h8c3 g42c8 g-1 ia Say 


Et tiet otra getet3+3-3 cepa a \y 


- 
met 
a 


= q17$26¢8 


n m p \7rst n m p\rst 
RT a mer ( oa =) 
ee Sno SED HEC Ls ar v 85d 
. > “aera = ae Se 
( : : Z } 4sq ytd ( 2 4 = 7 ye gimerg 
EIR Si aI y 
( nst + mrt + =) rst 
x rst Fl rst + M™rt + prs yr 
= ang + ars +789) 499 x zmirg = gmerg * yan ars + 789 
y 4sq 


= gst bmit + pi's - TASS, - 4ng - 4rs - 738g 


= gmirl-a + (nt Pr)sy4rs(q ~1)~- Q/An + 78) 


(10) (11) 
a? — 3ab? + 308d - i: (a +2?) 4 (ax)* 
dia 3 (a? +2?) + (ax)! 
~ 3a%b! + 3ab — ab! (a? +23)*- (ae)? 
- atbt + 3ab — gatoe + 5? = ad + 2abat + xt ~ aia 


3 3 
a — 4a? + 6ab — 4a*b? + 62 = at re ot 4. at 
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(12) 
4x ~ Qnty 2422223 -y-1t4ym 224 


eae § 1- 
ant ey 22s 


3 pag = 
Bx? — Ary ~ 2+ 4o2* — 202y-24 Quy ~ 224 


3 


any * ~onby-14 904y ~ 42 ~y7 Fa y-tet 


— Are! 4 202y ~ 22 ~ 2x22! 4 y-tet -y7 228 
3 = “ts, 1 3) a 
sre -Axty Ls gxty 3ot y oy-tet y 2 _ opted -y a8 
(13) 
-—8x-4y— 20-8) 9x~ 9y — 4a-Ty-1( — Bx-5 + Qa~4y-} 
92> 9y + 6a~ >, 
—6x-5 —4y-Ty-1 
— 6r~-8 —4a-Ty-1 
(14) 
5 ak een ae eis = eae 
at ath 84 ath Fath 8 ato t+ 4 
arate 4 glo ¥_o-1(ab atom ty ato 44-8 
a+ ath 8408674408378 427 F 40857 F 
ath tthe ogth ee beet eee 
eh eae 4 hb 7 tagth Te gts he be 
ash 8 9-2 
CS = as 
a®b 3 ty 2 ats S4 Geb Es atd bs atom? 
t_ly-t_do-t get 


Ex. x11] ALGEBRA. be 


(15) 
seep “4 — —_— -— 
x Seated )a-tee b_apetsale ty Sp leatte? 
Pee Was trea 
eee TE 
=f *—-L+ a? +a 
te 1 


=-2x Sip Oi 


—-l+2z 

Patou 
Ae 
rita +a 
i, of 
Lt ee 


(16) 
cy “te _3\2 
(i-atat+i1—a Flg-lsa 2)* 
: 3 
= a= 2d? + 2a? + 20% — 2a — 2a! +2 
2 3 2 =} 
GQ? = 2a? — 2a+ 247 +2 - 2a 
at2Qat -2-207 242072 


a a 
1-24 E9q-14.20 2 
3 

2 


— ‘ Coit _ ; 
= a 20° + 3a2—3a-+ 2a? +3 —6a Ba get da 2 gfe 2a? 


+a-8 
(17) 
at + 20 -1-207 #4 a7 *(ate1—a7? 
3 


‘hed. cadet 

Qa* +1 
gat +2—07!)-2- 20744 478 
$ 


De ak 6 


a 
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(18) 
2 ees mh 2 
(23 - 20) +3 - 2 $4278 
$ 3 i ~4 —% -} 
xs —4Axt+ 102% — 16a°+19—-16e” F +1077 Fa4e-lpa 
M 
B | 
"7 = 224 *)L de + 1028 
—4¢+ 4x? 
2 1 
2x3 — 4r® 4 3) 6x? — 1627 419 
2 1 
6x° — 1225+ 9 
£ } Es nee ERR ce a Oe 
2x" —42° +6— 22 +) —4x*+10-16z 74102 $ 
1 er | — 
~42?+ g-12927*+ 4e73 
2 t mi —3 -i —2 —4 
laW—4a°+6—-4¢° * +e 3) 2- 4¢° %4+6r° 3 -4r-lt ae 3 
3 ze = 
a— 407446273 4e-14.073 
(19) 
~t pz =}, a9 -1,_ 4 
Rea be Bae Eye y + 8a°y-t —xy" Se Fy = ety) 
z-lys 
aa 


— 37 “yt 3xty-1 — cya" 
1 


— 3a Sy gaty-1— xy78 


(20) 
le a ax? ye ap ay? 


gt 6x 3y> + 21esyt— 44xy?* 246304 yi—54n* yo +2 ty 
a 

ia eee Oy Se eee SSP a 
4 5 

3x3 . -6x3y? + 21ety? — s4ay? 
— 6zry8 


tay 3 


a Re 1 be 
pe nh y*|-6 6x3y% + 1203y? — Bay? 


3x3 - 122% 1 1aety : ond ys— 36ry?+63x%43—5422y842 Ty 
1 
ox y? - 180*y? 
on oy? 


4 JF P 4 
aa} — 122° + 21e%y* —182%y? oat ys s¢ay2soaety’ bart yh42 ty 
3 
+ 9y" 
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Exercise XLIV. 
1. 2° hia = 43; 13 = (7)? = 343; 2 = (24)? = 169; @ a 


z 


- o Peak cmtecast= cunts stot a)! 
1\2)3 1\% 1\% 
a ae (2) = G)'= @) 
2.a= a = (ay); st = 98; = OD?; (20)2 = (402)? ; 
(302)? = (gatb?)? ; (42042)? = (1exty®)? 
3 syget 1\-43 ae eeG -4 9\-3)— 3 
a= a2 = (a-*) - (3) OG, PAG) 
ganas 5 L 3 I ah 
=(7$o) *5 {(2a)-} "= le ASS * = (sas) 


{(407y°) °F ‘= aa, : 
4 


=a? = = (at)*; 3 = = (81)* ; @*= = (ager? ; cay! = (16at)* ; 
rast = (81a%b4)* ; (Aa?y oS = Ron eyl2y4 


qe 


= 


=a 
BC 2eo e is -(ge) : eg 
= 8s fay teal ELENA 
3432\ -3 
cot! + (Gr) 
28 2 -i 26 m4 
: (a) i z fey 
i 2 To f2b Ne 
4. Mix @i= Ox Dt= OFF 7) 4G) : 
1\3 b?\ 3 1 b6?\4 b2 \2 
(=) « (a) -($%a) * Hes 
gab Bic 
5. a ) = 3 x }/3ab = 3/3ab ; (a) =e 
ay = 40a! = 3 x id = Wid; ecto? = 4G} = sR; 


BG) -F(5)'> =(s)’ -7(m) = = aap 


(202%) -97"# = (2.7 
in i. 3-2=1is 


i 


60 KEY TO ‘EX, XLIV. 


3a?\ — 3 9ut\ —4 25\3 aa N4 
6. 20(*F) ' = 20(35) * = a0( ger) =" 957) 


9m? \} 32 9m? \t 18m?\ + 
naar i aa 16 3125 


2 (3m \2 
5 ie 3 
— Pq 


g am — pg 4 
(am + pq)” x e ae = {(am-+ pg)(am era PD x am pone 


Bt 1 
Se Oy he DONE 
= (a? PAP, oF (samy Fi) 
7. (135)* = (27 x 5)? = 38/5; 162 = 81 x 2 = 92; 
ee "8/324 = 7 27x12 = 7 x 38/12 = 214/12 ; 


T04m5\ &  /'T04mS\ 4 /m5\h 1 
(ea)® cot! lla yi Ce) - i 3 —(abmé)e 
4 (b?x 6a(a+2))} be 
: tae -{ 36(a + x)? ={ saga Fayexoaate) 4 
b 0 soe es yi 
= 6(a+ay¥ 2G +2); 


a Cem ora: a cm.fl cm.fn cm 
iV aa) eee ae a ae re ke 
IRE) = faa; {RET aan x 
b+2 b+2)(c +2z)2-1 
aa) toa PHS ae 


Fah Ga de Py q-1 
= yp MO +2) +2)-3 


32 and 34/3, or 18*-and 81}, or 18% and 81°; or (5832) 


en 
2 


and (6561)® 
or (2 1, Or -and (5103)°; or c2azoaye, (s5184)> and (5103)*, 


or (3528,8,)*, (85184)® and (5103)° 
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10. 124/2 + 1272 — 2 — 8/2 + 352 = 59/2 — Wa = 502; 
BY(E) + 4715 — Abb + V5R = 43 + 415 — YV15 + 15 
= 4/3 + 44/15 — 24/16 = 4/3 + 2/15 

Ll. 2/7 +677 + 34/3 — 44/3 = Br/7 - 8/3; 

ae eax CFLs CAN 
3ab*/ac + 2a*%/ac - vee = (oa + 2a? — Fi jac 

1 12, AZM aMPHMM d KYGBHT 4. KY ZMIM = MMH y¢ PY GIHH KY cM > MH GSHS 
- 200" RYa5b5 + 3a Ra8b5 — c? RakdS = (2aPL" + 3a-™ —c?) ase 

13. 64/200 = 6/100 x 2 = 602; 351/60 = 36/4 x 15 = 70/15; 
(3 x 6°) x (4 x 608) = (3 x 4) x (216% x 36008 
= 12/64 x 12150 = 248/12150 

14, 16°x 88 = 16x 16x8x8X8 = Was x 32 = 49/32 5 
a8a° x a? = 2808 = 28at/a; 2 * 3° x 12° = 2x (27 x 72)0 
= 28/1944; 78/24 x 44/5 = 148/3 x 18/5 = 18/16 

15: = x by Ne = * {(ax)? x (by)? Be (c2)* } 
be ~ ed 
= ay{ (ac) 1! x ae x (cz)! } = xy (a b4c8xSyte8) | (3 
(@ - xy t+ ya t+ Vy) = ot + y? [See @llg. Art. .179.] 

16. (2/3 + 3/3)(3/23 — 4/3) = (23 + eV 15)34/10 = 41/3) 
= 34/30 + 4/150 — 81/9 — =8\/45 = BST NE Ha 8/5 

11. 8/3 = 40)! = 105 46)? = 548) = fev; 
a¢3 +a)? = y= 4/10; 906 + 1)? = VER = VEE = WI 


18. 2(12° + T) = 2x Cae og , Ap @) 
=4x Cie 6 48/64827 | 

#(e)=3 7 =) 7G 125 -3(“E-) = yof/2000 
a (yi) send a) => ( 


i (al a a?x2\ } aee\i- 4 
3 s (2) =5 ee) =3 (me ee) (C2) = ava 
ax 


62 KEY TO [Ex. XLIv. 


rons 


Rea Pia 2 Hes —= = 10: 
19. a? aya pantt =446=10; 
4y'3 5i/4 64/7 4x/9 514/256 614/49 


24/3 24/3 ° 24/3” 24/3 ora/ay PAT 
= 24/3 - Sapa) Te + 3(49) TF = 24/3 — 2 s9/5038848 + 19/064867; 
ab™~1¢2 oe CoCr NE SEA INE 
arora a crea ( ast? ) 
\ ch-1p-2 c’-1d 


—— 1 
: Saree = lhe. 


a? 


20. Multiplying by 4/7 — 6 we have (4/7)? 6? = 7-36 =— 29 
Multiplying by 1/3 + 2 we have (4/3)? - (/2)?=3-2=1 
Multiplying by 44/3 +64/23 we have (41/3)?— (61/23)7= 48-90 =— 42 
Multiplying by 3V} ~ IV3 we have (W/3)*- (B2y'= HH 2aby 


Multiplying by $$ + $/ we have (34/1)?— (44/})?= 4 -ge =-alip 

2(/3 — 24/5) W3—4f/5 %W3—-4y5 44/5—24/3 
21. (78+ 2/5) (3 — 24/5) G/3)'= QV 8-20 
(V2 + f3)(2V5 + 376) — 210 + 2VI5 + 3/12 + 3/18 
(275 — 34/6) (2/5 + 3/6) — 20-54 
_ 2/10 + 215 + 64/3 + 94/2 

— 34 
(2/3 + JT) CW/8 + 87) — 14/24 + 7/88 + 16/21 + 8Y77 
(7/8 — 8Y7)(TW8 + 8/7) — 392 44855 9 
_ 2876 + 149/22 + 16/21 + 8fTT 
— 56 


3(/3 + a/x) _ 8f3 + 8x (am—mi/a) (ay/m—my/a) 
“ W38-/z)@3+V¥x) 8-2 ? (aa m—ma/ a) (aa/m-+-ma/a) 
_ (an = mia)? am — 2amyma + ma a = 2nfma + m 
anm-ma ” am — ma _ went = 
(2+ 3V3)QVa + 3V8) — 373+ 4V8 + V5 + 22 
GQvi-WDGVEtiVD bx d- Exe 
42 + it/T5 + 23 + 24/10 
BOMBBAES Ashi 3 Gh 


= 
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(Jatt +1-a?—2-1)(e*+e41—- ye2—2-1) 
(Va? 4041442? = 2 -1)(2?7+2041- 2? -2-1) 
jet+ac+1 — V2®*-2-1)? 
” (waa + 1)? -(e?—2-1)! 
zip rt1—Wye2+a+1)(22-e-1) +2?-2-1 
(2? +” +1)-(2?-2-1) 
Qa% — fat — a? —Qe-1 a -vat= at 22-1 


I 


il 


2a +2 as z+1 
V3 =—f2—-1/5 5 
* GB — 72 + Y5)(V3 - 2 — 75) 
V3 —- 2-15 43 - 2 - a 


~ {@/3 — 2) + VH(V3 — /2) — 5} ~ (3 - 2)? - 5 
V3-y2-V5 _ f8-V2-V5_ W3- needa 


ESN ae eal eee aaa - 2W6x V6 
18-12-30 2/3 + /30 - 32 
5 =a "2 12 
(1 - 3y2)(1+3y2+73) — ¥3-376-17 3-36-17 
(1 + 82 —3)(14+3/2+73) (14+3/2)?-3 1646/2 — 
(V3 - 876 - 17)(16 - 6/2) 26/3 - 27/6 + 512 — 136 
~ “(6 + 672)(16 - 6/2) 92 
(243/31 + 2/3 +42) 20 +. 1/3 + 22 + 36 
(1 + 2/3 — f2)(1 + 2/3 + 2) ~ 11+ 4/3 
(20 + 3 + 2/2 + 3/6)(11 ~ 43) _ 136 - 373 ~ 142 + 25y/6 
(11 + 4/3)(11 = 41/3) 73 


Exercisas XLY. 
6. Let 742 + 3/1743 = x +4 
Then V/42 — 3/1743 = Va -/y 
Or 1764 — 1568 = 4/196 = 14=a-y 
Also 42 + 31/1748 =a” +2/ay+yor42=x2+y 
. 2a =560r x = 28; 2y = 28 ory = 14 
142 + BY TTR = 28 + 14 = 27 + 14 
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9. Let Va- wa — 1 = Jx—4/y @ 


then Va+ 2/a —1 = Ve+Vy GD); 
or Va2?-40+4=2"-y 


or@-2=x2-Yy 
Squaring (1) we get a=at+y.. 20-2= 2a, &o. 
10, Let Va + 27a? — D4 = fx ty 
2a — 2a — 62 b? = s/x —a/y 
(4a? — 407 + 4b? = /4b? = 2b=a—y 
And 2a=x+y 
2x2 =2b+2a; orxz=at+b 
2y=2a—2b; ory=a-—b 


11. Let V8 + 39 = Vx +y 
Then /8 — 4/39 = Ja — Vy 

Or 64-39 =f 25=5=2—y 
Also 8=2,4+y 

22 = 13 ort =13, and 2y=3.. y= 8 


oe VB + 39 = fF + V¥ = 426 + 33 


2 
12. Let /< + fda? — b? = fx + fy 


ats a = ye - Wy 
Jat 2b? tt a® 2 


Seas 2 p2 ees Rene eke oa 
li SOC POE ies ak ote wae Ge 
bb} 
And —=27+ 
ag ak ne are 
’ en sale hg Webra Ce? Reare?y 
b2 b2 


tye 5 ory=o oe GOs 


EX, XLVI, XLVII] ALGEBRA. 5 


Exerciszr XLVI. 


1, 32-924 = 8(2 - 3) ©. 4/82 - 24 = 8(2 — v3) 

= £/8y/2 = 9/3 = 4/846 = 3/2) = 4/8 (24/36 — 44/4) = 2 (4/288 - 4/32) 
= 4/18 — 4/2 

2. 3Y5 +40 = 5(3 + 272) «. V38V5 + 40 = VSG + 272) 
= 4/5n/3 + 2/2 = 4/5(V2 + 1) = Y5(4/4 + 1) = 20+ 4/5 

3. 3/6 + WI2= 6(3 + 272) «. V3-V6+ 2/12 = VV 6(3 + 242) 
= 46/3 + 2/2 = 4/6(/2 +1) = HO(4/4 + 1) = 4/24 + 26 

4, aia -4=5 eae = ae = as = Su = /2(3 = 4/8) 


= {/4e1) = 8 - 1/2 


Exerciss XLVII. 


lL. df= 27 = 2-12 = 12f = 3 -4/-3 = 8/3 
(4+ —b) + (atl —e) = 2a+ (fb +a/c)f =T 
2.f-5+Y—-T+V¥=11= (547+ 11) —-1 
3.V7+ 6) -2= yx toy; V1-6y -2= Vx - fy 
V49+72 =1lls2-y 
And T=x+y 
“.2=9, and y=—2 
4, (Af = 3 + T= 2) (43 — Wy 2) = (AY — 8)? = (TY 3)? 
= (16 x — 3) -~ (49 x - 2) = — 48 — (— 98) = = 48 + 98 = 50 
5. (f= 2 — Be = 3)? = — 2 = 6Y6(/ = 1)? + (9 X— 3) = ~ 29 + 8/6 
Y2—f-5 4/2 —f=5 ak ally 
6. ——== = —-—— 
(/aty=5)W/2-V=5)  2=(=5) 7 
7. xf =1L=-P8/=1; 41; ~=1; -1 [See Algebra 
Art. 193 (in)] 
8. (@—-V =a) = a = 2af a+ (a) = 0? = 20f-a-a 
E 
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9. ((2—-—4)#= (/2)8 = (4/2) = @) + 8/2 = 4)? — CW = 4)? 
= 8 — 6/4 — 1 + 3/2( — 4) — (4 — D8 = 2/2 — 12/— 1 - 122 
+8/—-1=-4/-1- 10/2 

10. Let /-2-27—15 =x —wy; then /—2+ 27 —15 
=Vat+Jy «. f4—4(— 16) = fO4=8=2e-y, andxt+y=-2 
*.2n=6; = 3; 2y=—~10; andy =- 5. Hence Ve ~ V7 
= (3-4 =8 

11. We are to find the square root of 0+ —T 
Let VotV-1=v2tvy 
then VO Ff —1l=2 5 vy 
or JU-(-1=Vl=1l=2-y, andz+g=0. 

. 2= 4%, and y=—2 
Hence V0 + —1; that is of t4/—1 =} tof —} 
= 4/2 +4 —23 or 32 —}f— 2 

12. Let V31+42—2 =x +o/y; then V31—42/—2 = ec = «fy 
. NIELS 114 24) = 61 + 3528 = 1/4489 = 61 = 2 —y 

and 3l=x+y.°. 2v=98, and # = 49; 2y =~ 36, or y=— 18 
Hence Vz + Jy = 1/49 +4 - 18 = 7+ 3 —2 

ts 4+4—2 ~4At¥=2DGQ+V=2) 8t4y=2 2+Q2f—2-2 

“Bm afeda (een Sev eeal EO) a) | Uneee) oie 


6+6f—-2 bt. 
Se ee 
14, 7- Y= 5 6) 14 - (15 = Tf feels ald Ca dears 
14-2 =8 
— WW — 3-15 
— = 3-15" 


15, (4+ bf 1)(a—b 1) = = (bf — 1)" =a? = (b2 x~ 1) 
<a? —(— 0%) =a? +03 


‘Thus ~ f-5x- = 34-5 —1x=3f—1 = J1B(— 1)? 
lSxels- 16 
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Exurcisp XLVIII. 
1. 12+e=444/x+2; or dfc=8; ordz=2; ore=4 
2, 34-6 = 2%; ort =6 
3. @-24=0—- 4/0 +4; or dfx = 283 or fxs 7; or x = 49 


a 
4, a- wes + ag" = a+ 2, or — Wa + ar-1 = a; 


= 2+ WO fa; on =Va+2; j ory, = = geysers = 


Bes eh Grr SAS or 

i irrarcey Gh : 
V iijeringt €t5*O°~ 95 J jap ige taro +8=9; 
or iar igat4 t= 3; or Vferl23t4+5=9; or 


Vfx+123t+4=4; or ¥x+123+4=16; or /x+123 = 125 or 
+123 =144; ora = 21 r 
= a 
6. Yar —sfx =a; orafx(fa—1) = 4a; ora = 73 
@ 

*< Wa= 1? 

1. 22 +r/at— a3 = 2? 4+ Ort1; orw/at— a= 27413 or ete 2? 
=at+2074+1; or 3z2=-1; ora?=-3; ore=4—} =44)-3 

8. o+ 34x + 168 = 152 + 42x + ry orB/e= 16; oru = 24 


orz=4 
— 4 
9. Ree BY 
= 2-2; ora(et+2)=4—-4e+27; ora? +2e=4—4a +27; o1 
6x = 4; or z= 3 
10.a+a¢+2a?—a+a= ae =r; or 2a? — a = ax + 20; oF 


4a* — 40% = ax? — Aa2x + 4a"; or ax + 422 =. Aga; or wa + 42 


5 Or/afa+2+xt+2=4% oraa/ct2 


4a? 
= 407; or 7(a? + 4) = dat; PRR Ted | 


P) 
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Ll, a2 4 ax +a = a+ afb? + a2; of Zoe + 22 = afb? +a"; 
or 2a + x = 4/0? + a; or 40? + dan +27= 0% 42x?; or 4a = b? = 407; 
6? — 4a? 

4a 
12. f+ an+2%=a=-b—2; orb? ¢ar+2%= a= Qab = ax 
+b? + 2bx +27; or 87 = 2hx = a= 2ab; oF x(3a~ 2b) = a? — 2ab; 
a= 2ab 
Oa Snead 
13. 2 + 2afe + 3bfz + Gab = 4ab + bYx + 4afz + 2; 
ab a’? 
FT a or r= (= by 


or v= 


or 2bfa —2afx == 2ab5 or Vx = 


2a 
Vl +2 
= 2a; or f4a+ dar +2 +2? =2a—-Yr+2%; or 4a + 4an +a +22 
= do® = 4a Jot a%+a+2°; or 4a + dar = 40? = - 4a fa tat; 
or lta-a=—Va2+a; orl t+ 2e=2a+2%-Qartae= 224+ 2; 
2a=a=1 

1— 2a 

15. © = 32 = 256 — 32 a + x; or 32 4/x = 288; orV/x=9; 
or x = 8t. 


po.) be PY c 4be \i b c 
16. zea ttlace) taza" (ecw) PR saGt ew 
= 0; or ab= bz + a¢+ ce = 0; or be = cx = ab + ac; or 


b=c 
rae NOME os 
1%, eta e*-v= ne = given equation multiplied by 


14, Yet+V4at+a= 


sor x +a2+4a +4an +a t+ a 


or @ = 2ar = Qa+a?-1; of T= 


Vata; ory2+1—yx-1= 3 (dividing by Yr); or 2Y2+2 
=Qr=14+3; or We-1=+24r=1; ordr = 4/x+1l=4r=4; 
or 47x = 5; of 16x = 25 ; or # = 38; 

18. etasCH2evetb+at+djorsryatbaaabacry 
or 4c? (x + b) = (@=b = c*)*; or 4c?ax = (a= c2 = b)2 = 40%} 


“(e+e =tpaaee a—c?—b\? 
or v= Ace = Gras. =~ > 
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ri. Gli DO's ei aaah. Wg 2 44 (20D 
ey ule al aay | a pag Ole ae = /a +77 OF 

1 4 4 4 2) 1 4 9 

co ag) gt ee hgh Of eke Sy Onyete ees 904" (0D 


Ay = 8a; or © = 2a 
5 at+atyr-a_m .. aVara m+1, 


Vata-Yxr—-a 1 Qa/z-a m=1’ 


Vz+a m+1 uta m?+2m+1 
 jz~a M—-1)?™c-a m—Im+i} 


22 2 (m? +1) xz m+) a (m2 +1) 
gone ee cam OE am 


Exercisn XLIX, 


Ll. a@2=-9 sor 2s.3 

2. 18—18r+18+18e = 100— 10027; or 1002" = 64; ora? = yo53 
orc =+}4 

g, 4a = see oor b- = 9) Or at 3 

4, 407-8 = 1; or 427= 9; or a2 = 2; orz=4+3 

5, a — 6x +9=13-6r; or 2?=4; orr=42 

6. 3 (a? + 10% +25) — Tx = 23x; or 8u7=—-.75; or z7=— 253 or 
ie la 2162” + 36 2162? + 36 

The 10x? +17 — 10a? +8 =—sy ae or 25=—yy527~-g 5 «OF 
2 75a? — 200 = 21627 + 36; or 59x? = 236; or e7=4; orz=42 

8. V9 + 227=9; or 9+ 2x7 = 81; or 227= 72; or x? = 36; or 
a= +P" 

9. \(@ = B)@ + 3) = 3a; or “7-9 =9a7; ora*= 907+ 9; or 
eat 3qar+1 
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10. a? -— « x a n= nie a? as a 
= SNe a = 3. w= Sa Soe Pe 
bi b x? re De TOL ae 

a? fu Ylabe ihe oe 2a 


or Legit ei a iad or x47= 2ab -b7; or 
a= + ab — 0? 


a? e ja* e a2 hs é 2a2 7 Na Fi 
ee <— +b ira tsps #00; MEaa 0d ame 


4a* 4a?b? 4 4a* é 4a°b? 4 
OF ee +5 Se Ee ae es 
4a? 4a? 2a 2a 


—_—_ = 2, i = —/l = 4+ — 
ora 5b?* or x apr OF + V5 + 5yv5 


12. te aT hae or z*(3a—c)=d =-1™~ 5; or # 


d-1- -l- 
Sere er 
13. fa? — 2? = a1 — a? - ava? —1; 
a — a2 = at — ata? — 2a? (1 — 2*)(a? = 1) + ae? - 2; 
or 2aa/(1 — 2)(a?— 1) = a? — ax? -1 427; or 2af(1 — 2*)(a?— 1) 
= (W—1)(1 - 2); or 22 = 4/(a@—1)(1 — 2”); or 4a?= i ve — x”) 
-1 


ere sd 


= @— et + 27-15 or 3x? 4+ ae? = a - 1; ora? 


14, a/b? + 22+ b?+ 27 = cb? ; a/b? + x? = cb? ~ b?— 4+ or b*x? 444 
= c°h+— 2cb4— 2cb*a?+ b4+ 2b7x2+ xt: or 2cb2x?— bx? = c2b4— 2cb4 
+ 64; or 2cx?— x? = cb? — 2cb? + b? = (c?— 2e + 1)b?; or (2c — 1)2? 
(c — 1)2b? (c-1)b 
ayes mera a 

s V2c-1 


) Neder 2 } 2a ——— 
15. 3+ 42-2 gv3 + aut §e= 40-3; or — 2 V3 +42 


=. (Chou) Os moma 


. 2a va . ge 22 a? 
et ee or eve + de = 84S 0n Cree) Sonim he 


we ay Le 
or = =)9. + 93 Origa or x° = 81x 2; or z=4 9/2 
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16. at+e+3(a+2)3(a~x)) + 3(a+2)*(a-2) + a—2 = 0; 


pe ee AE 

or 2a + 3(a? — x)*(Y/a+ a + X/a-a) = b?; and by given equation 
Votru+V/a-x=6; substituting this in the last equation we 
nave 2a + 3bi/a? — x? = b8; or 3b%/a? — 2? = b3 — 2a; or Sa? — x? 


3 — Ya 3 i’ Po 8 mun bP 2aN= 
i ape 3b j Ob 28s =) a 


Exercise L 


1, 227+ 8a=90; ora?+ 4x =45; oraz?+ dut4= 49; or 
et+2=47; ©=5; or-9. 

2. x? -19 = 8x —-10; or x?- 8x =9; or x?- 8x4 16 = 25; or 
orx-4=45; ~=9; or-1 

3. v2 - 8x = 20; or a? - 84 + 16 = 36; orr—4=+46; =10; 
or= 2 

4, 224+ 122=45; or 227+ 122 + 36 = 81; or T+ 6 = 49; 
z=3; or—15 
* 6. 3274+ 207 = 85; ora? +3xe=88; orat*+ zat $= 23544 = 236; 


ora +}=4148; 2 =5; or— 53 


6. 3a7— 14a = -— 15; or 22-13% =- 5; or x? ~ 1Ax + 43 
=-5+42=4¢; orz—-f=+3; orz=3; or 13 
7. 5a?- 2362 =— 47; or eg. or x7 — 2387 415994 


= — 40419924 = 19689; or p_—1jt=41i7; ore =23% ort; that 
is c= 47 or F 

8. 407 — 8x = 320; or z?— 24= 80; a?- 2a4+1=81; r-1 
=4$9; 2= 10%or'—'8 

9. #7 = Ie =—a?;\ ora? 2e4+1=1-a?; or t@—1= 1-2; 
orxz=1liyvl-@ 
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10. 5x8 4.da-s 213) a ta = 2085 tte he hgh = URES ar ots 


= 1362, 22 =p 3ls 2 = 7 or ie 


V1. 7x? — 202 = 32; 2? — 20% = 92. gp? 207 4 100 = 274 4 100 
= Bt; e2- 1 f= 4185 c= 4 or— it 
12, 2 -Te=—12; 227 -Te +42 =- 184+ 4224; r-F= 43; 
x=4dor3 : 
13. 3z?- lla = — 6; or a?~ 1x = — 2; or z2@- Lear + 12) 
== 2+ Ye =32;) c-4f =1 0; 2=3 084 
be — ad bd 
14. acx? + bex - adx = bd; or 2? + Res 
ac ac 
Pen Rats ie “ier ) “a Sha ap 
ac 2ac ac arc) 23 


oraz? + 


be -— ad be —ad\? 4Aabed + b%c? ~ 2ubcd.+ ad? 
meee Jac 7% 402c? 


2c? + Qabed + a%d? . + ay be — ad be + ad 
= ; Orv + 


4a%c? 2ac Qac + ac} 
be+ad be—ad Qad od 2be b 
arse Smet’ gag ots meget ot re eee 
L |. & =e BRS ae -ee : 
Ropes je ee by dividing the given equation by 


wt -fx; or 4 = 2? — Qala + x; or 4 = cle — Wa + 1); 


— = (Wr - 1); or T= £ We =D Qj or Qe eax; 


ora-Ye+b=$+4=3; orfa-—$ = $3; ore = 2 or- 1] 
“c=4orl 


2 
Taking the minus sign in (1) we have S atorig Nie ee Me 
or2=s-a+Hu; ore-Vx=-2; orae—-Vet+4=-$4+ia=-7; 
or Ve - 254-73 ore =ttby—-T= 20 t4¥-7); 


ort=4(lt2V—-7-T=1(--642V-D=3(-34y-7%) 
The rejected factor +/2z=0 givesusz=Oorl 

16. 27-2=210; wave ps 84typ = 84ls ge ga $4 
z= 15 or- 14, 
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1. da? 36 = 3? +. 48 — Iles or a2 + ae, =_12; 
ora? +ile+ ifn 48 4192169, ppll=413. y=] or—13 


G-2 £+2 e2-3 +4 2-d4r4+ 4422944044 


Wye eet 24st eeas wad 
wt — Te t+ 194 274 Te 12 20? 18 202424 

= x?—a@— 12 ; PULA apa welad 
a+ 4 w+ 12 Qin? Date e wt 


Pad ae a eae) Te ea be ? 
or 2?+24x2=8r—4; orz?+1l6xr=—4; or 2? + 16x+64 = 60; 
or x + 8 = (60=42 4/15; orz=4215-8 
The rejected factor x=0 gives us the other value. 
19. 492? + 422 + 9 = 10(207 + 4¢ - 6 — 227+ 32 + 9) 
= 10(7x +3); or 49x? + 422+9 = 70x + 30; or Tx? — 4x = 3; 
4; wa }ot— fot d= 2b 4 ds = 9h) e- P= 4H; w= Lor} 
20. ax? — fz? —- ba ~cr =-b—c; or fe? -—a27 + bu +ce=bt+e 


jar + (b+ c)e=b+c3 224+ eve eee 
(f-% (+e (a) OPS t a} 


P b+e bt+e ae eG b+e 
¢ + (pea)et ee zi) Spoalt (as a) 


bt+e b+e \? b+e 
teat peroiel apts ~ Of — 2a 


1 1 uf 1 1 _ ME at + am 
WON ere ye ee ee 
a-M+2 a m x a-m+a ame 


amz = 3amz — @e + @m — mx — am*+ maz? = ax?; ax? = mx? 
+ @e -— 2amx + mx = am — am? = an(a — m); (a — m)z? 


+ (a2 — 2am +m*)x = am(a — m); 22+ (@ = mx = am; 


(a — m)? (a+ m)? 4am + (a — m)? 
w+ (a — m)e + “——Z a ee 4 
2 4 2am + m? a + m)? a-m atm 
dG apni gy mst 
4 4 2 2 


atm C ha 
— — == % OF —"4 
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2(a + 6) Dip ume 


22. aba — 2x(a + bWab = (a—b)?; 2? = 


sfab ab 
nr 2GED , We WOE =)% (a+b)? 2(a@ + 0?) 
TR Te Be ie Pee 
a+b 2a? + b?) a+b 44/2(a? + 0b?) 
(haa ee —$———s: f= 


7 fea, EE aga ON fab 


Exercise Ls. 

1, 3a? 4-92 = 85; 3627+ 24 = 1020; 3627+ 247 4+4= 1024; 
6a +2=+432; 6a = 30 or— 34; x =5 or - 53 

2. 4a2- 42 = 840; 4a7- 4r+1= 841; 22-1=429; 2e= 30 
or ~ 28; x=15 0r—14 

3. 64x? — 48x = 1360; 642? - 482 +9 = 1369; 8x -—3=437; 
z=5or—4} 

4, x? - 262 =— 25; 4a27- 1042 + 676 = — 100 + 676 = 576 ; 
2x ~-26=+424; 2x = 50 or 2; = 25 0rl 

5. 5a?+ 4a = 273; 100x7+ 80x = 5460; 100274 80x +16 = 54176; 
10¢+4=4 174; 10@2= 70 or— 78; x= 7 or — T4 


6. 407+ 8x = 21; 27+ Qe=%1; 4u?4 Bert 45214 4 = 25, 
Q20+2=45; 2e2=30r—-7; x=11 or—5} 
7. lla? + Te -4= 140; 1lz?- Tr = 4; 484x?- 3082 = 176; 


48407 — 308% +49 = 176 + 49 = 225; 222 - T=4 15; x =1 
or — +4; ; 

8. a’? + (ab—ac)x = bc; ax*+(b-c)z = & 40°x* + 4a(b—c)x 
+(6-c)?= 4be+ (6-c)?= (b+0c)?; 2ac tb-~c=4 (b +0); 
b 


; c 
24x = 2c or — 26; x = — or = — 
@ a 
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9. 1247+ 120 = 16% +135; 122?- 162 = 155; 32?~ 4x = 1h; 
36x"— 48x = 45; 36x- 48a + 16 = 45+ 16=61; 6r—-4=4 61; 
6r= 44/61, e=1(44 61) 

10. 7a? ~ 40/3 + (2 —1/3)a = 2; (1 4V/3)a*4+ (2 — f3)a = 2; 


w+ > =r Sy Se [since 7-4/3 = (2 ~ 73)?] 


Ag? + z t+ : = : : 2 
2-3 "1-4/3 7-4)3* 4-4/3 1-4/3 
9 1 3 4 2 
bt on ae Sh oa Safe a3 
1 2 


SE Lia em 
11. 2? + Gav = 5%; 2? + Gat + 9a? = 6? + 9a2; x + 3a 
=4/9a? + 02; 2=4+/9a? + 6? -3a 


45 —9x 634+ 36x 19(45 - 9x) 
12. 773 Tha eae gaa —= 40% = 63; 


855 — lle = 4022 + 64x - 189; 10x? + 54x = 261; 
400x? + 22802 + (57)? = 10440 + 3249 = 13689; 
202 +57=+117; 20x = 60 or — 174; x =3 or — 8,75 
13. 72 -—5e=-—m?; 422-202 + 25 = — 4m? + 25; Ae ~ 5B 
= $25 — 4m®; 2x = 5 44/25 —4m?; w= 4(5 + 4/25 — 4m?) 


14. mx? — nx? — Aman =— mn; (m—n)x? — (2mfn)x = — mn 


2ma/n mn Sma/n 4mn 
a r=- ; 2 om c=— 
m—n m—N m—n m—n 
»  Sma/n Am?n 4m?n Amn 4inn? 
mn (m—n)?— (m=n)?”~ m=n (m—n)? 
Ima/n 2nalm 2nym + 2ma/n  — Ama/n — 2n4/m 
—_ -———- = . oe — 
man ~m—n! m—n ae m—Nn 
fmn(fat am) — fmn(m — s/n) mn mn 
a aa ae OL * = : = 


m= m—-N 1 in = fn oF im yn 
A 
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1b. 12 +22 iE ee Sa a 
° LPruw= 


a-1lJAl+o+a7/"\a—-1 Lata? 


jaa al Gaaer ae 
Fret dl (A Se 


a-1 lt+at+2? y, 
@+l\ /l+a+a2?-a2(1—-x)(l+2 +2) 
= (==7)( ltata? ) 
‘ 2 fe 2 
Veeeste( ce) tg ee -(7y)a-e 
Va ea ee 2 ee Soe, OT +. ae 
Lae aia? eon ot ee =a; 1+ a? = az; 
w?— ax =—-13 422- 40r,4-a2= a?- 4, 22 -a=4 Ye—4; 


e= 3(a4 Ja?— 4) 

16, 244+ 325 +6 = 244 32° + 1327+ Te -60; 1327+ Tx = 66; 
6 76x? + 364x = 3432; 676a7+ 3642 + 49 = 3481; 2624+ 7=+4 59; 
260 = 52 or — 66; « = 2 or — 245 


Exerorse LIT. 


l.ev+2=0,andr+7=0..(@+2)@+ 1) = w724+9r+14=0 

2. (© —4)(@ +2)(x -—1)2 = 0; or wt — 323 — 6x? + 8x = 0 

3. (@ — 2)(@ + 2)(a -— 3)(@ + 3)x = 0; or (2? - 4)(@?-9)x=0; 
or «° — 1328 + 36x = 0 : 

4. (a —5)(@ + 5) (a — 2) (a + 2) (x - 3-2) (2-3 +2) =0; 
or(2?—25)(x?—4){(@—3)?— (/2)"= (x? — 25)(u?— 4) (x?-- Ga + 7) = 9; 
or 2 — 6x — 42xe* + 174x° — 103x7 - 600x + 700 = 0 

5. («@ —1)(@— 2)(@- 3)(@- 4)(@-5 - 6)(2@-5 + 4/6) = 0; 
or (2? — 3a +2) (a? — Tr +'12)(@* — 10x + 19) = 0; 

xv — 20x* + 18424 — 59027 4+ 118922 — 1190x + 456 = 0 

6. (v@- 5)(w@- 4)(@ - l)e (@-2-Y=3)(@-24+Y=3)=0; 
or (a? = 9x + 20)(a? — x) (a? — 42 + 7) = 0; 
oS ~ 14a? + T6art ~ 20627 + 2822" 1402 = Q 


£x, 111.4 ALGEBRA. '7 


7. (@-5)(@ +2) = 0; or z?- 38x - 10 = 0, and (x4 = 6x? + 52% 
+ 12x — 60) + (a*- 3x - 10) gives us 2?- 32 +6=0; then 
a— 305-6; w-30+$= 9 -%=-18; po g=t)h f= 15; 
w= 4(3 £4/— 16) 

8. (@-1-V¥ —-6)(@-1+— 6) =0; or z?-2%r+7=0; and 
therefore (vt — 4x° + 82% - 8% - 21) + (x?-2x+7) givesus 
a?-2¢-3=0. Then x?-2¢=3; x?-22+15=4; e-1=42; 
x=3o0r-1 

9. (x + 627 — 3920) + (x = 14) gives us 2? + 20x + 280=0; 
x? + 20% =— 280; 22+ 20” + 100 = — 180; e+ 10=4+6 7-5} 
2=-1046/—-5 

10. x = 0 is evidently another root, then (a*= 62° + 132?— 102), 
+ (@? — 22), gives us 27-4e+5=0; 2?-4e=-5; x*-4r+4 
Sollee Qati'—1; e=2ty—1 

ll. (v-3)(x+4)x=0; therefore (2° — 274-252? + 2627+ 1202) 
+ (a+ a? = 12x) gives us x? - 3 - 10 = 0; 27 - 3% = 10; 
4a2—1274+9=49; 22-3 =47; 2e=10 or—4; r=5 or-2 

12. a=0 ig obviously anotherroot. Then (« —# —2)(a +1 —2) 
2 774+2=0 
. (at— v8 22 = 4) + (a? + 2) Se? -e = 2=0; that is 222 = 2, 
whence x = 2 or-1 

13. Alg. Art. 206, when the roots are equal 47= 4 x 2 x ¢; 


cr 16 = 8c; orc=2 


. b (4 Bty Bis 

14, Alg. Art. 208 (Cor.), Bty=—— and bys ay ee 
_£ b kia | b + ht ge Cane G 
eee Pg te PRS Bam aS hy 


b ‘ a 4 
Hence ~> = the sum of the roots and per their product and the 


b a 
equation is a? +7 a +s 0 that is ca?+ ba +a=0 
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15. Alg. Art. 208 B+y=-—p and By=q 

Bi ty? = B® + y? + 2By = ZBy= (6? + 2By + y*) — 2By= ged 
= 2By = p? = 2¢ (a) 

(B = -y)? = B? = 2By + y? = (8? + y? -© 2By) = p® — 2g - 2g from 
(1) «. = p? = 4g (m) 

B? = 7° = (B+ 7) (B= y) == P (ty p® ~ 4g, since from (m) 
B-y = tvp? - 49); 

Ore Sa Pee 

oa. hs we 

Be = y= (6? + By + 7°) (B — y) = (B® + y? + By) £8 = y) 
= (p? = 2¢ + @) Vp? = 49) = (#? — 9g) Vp? = 49) 


Exgroiss LI: 


1. w= 6Vrt+9= 25; fr—-3=45; Vxr=S8or—2..2=640r4 
2. fa -4/e+4=1; Ye-2=41; Yxe=3o0rl,..x=8lorl 
3. xt ~1427== 40; xt- 1407+ 49=9; 2?7-7=43; 22= 10 
or 4, 0. @ = +3 or t /10 

A. ws tafe 1107; 23+ 14/z¥ +49 = 1156; e475 +34; 
a? = 2% or —4 41; Boao POET 41; «.2=9 or 1681 

B. m=IW2+6=2; (G+6)—-2Wet6=8; (xt+6)—2/r+6t1=9; 
Ve+6=1=43; ¥r+6=40r-2; +6=16o0r4, «x= 10 
or = 2 

6. wt~ pa2= 248; at= dare y= 2484 pe = 2960; pea d= 483; 
w= 16 or — 82, «. c= 44 orth = 62 

7. 28 — 823 = 513; 2§ — 82° + 16 = 629; 229-4=4 93; a= 97 
ot = 19, +. a= 3 of /—19 

8. (@+5)-Vat5 = 6; (wt+5)-Wet5+4 = 64+} = 28 
Va+6-1=45; ¥ot+6 =30r-2; e+5=9 ord, o.es4or 
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9. /a(@*+e>6)=0, x= 0 and «2 =0 
Alsow+2=6=0,.,074+956; P+e+}=9b; eed = 45, 
“.2=2o0r—-3 

10. Clearing of fractions 2¢ + 2/r=16=2; 32 = 2/x = 16; 
36x - 24/r+4=1924+4=196; 6Yx-2= 4 14; Oe =~ 12 
or 16, .. fx =—2 or $, ». = 4 or Th 

Ll. fe + 21 4+ fe + 21212; fx + 21+h/a + 2144249; 
Yet @+aa4h; Ye + 21 =30r~4; 2+ 21 = 81 or 256; 
t = 60 or 235 

12. fx(@— 2-2) =0,.1.fr=0, 0.2 =0, Alsor-2-/x=0, 
e.G-Yc= 2; wor e=ds fond etd; He = 2Q-or = 1, 
“.2=4orl 


re + at+2 p24 97279 
Nw ae 2 ee Then (by Art. 106 = yu) 


Beet 2 222-2 wo +1 . wm J s 3 
On8 42 ~ Ig? 2) af41 ~ gag? * ~ 2° + 24-1 = eT oA 


a — 1, Ot ag b= a8 ie rom ch + a8 22 = QO; 


w4(e —1)+ 272-1) =0; (@-1)(e*+27)=0, «.e@+1=0o0re=1, 
Also c*#+27=0,..2%+a?+4=4; w+ ha44; z4=0 or~1, ° 
“2=Oordyf—1 
9(6 -/x) Tx? — 32 +4 23(@— 24/2) 

14. hile > (6+ Va)(a@+2yx) * 6+yx multiplying 
by the denominator of the 2nd term we get 
9(36 — x) = Ta? — 32 + 4+ 23(2? - dz) 
or 324 = 9% = Tx? — 32 + 4+ 232? — 9227; 302? - 86x = 320; 

Q 


ie es aes nt. 43 43)2 — 18 9600 ~ 1 5 
or x fie = 975 x Tot + (33)? = AS he + 9600 = $842 5 


a= $= £°E; w= 8 or - 2k 
15, 2 - 3a + 3x - 9° = 0; 2%x — 3) + 3(e — 3) = 05. 
(v= 3)(@*+ 3) = 0, ..2-320 or x = 3; also w+ 3 = 0, 


*,@=—-3; orxz=tV=3 
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16. (aw —3)(a — 4) = 2 — 2/2f(a -— 1)(@ — 2) + (@-1)(@=2); 
or 27 — Tx +12= 2-224 3n +2 4+a%- 324 24 

— 424+ 8 = — 22/2 - 3042; 22-4 = 2x? — =32 42; 
4x°— 162 + 16 = 2(a?—32 + 2) = 22?- 6x +4; or 2a%— 102 =— 12; 


v2 ~ So +2h = 28 24=4, Hencee—-F=43, v= 3 


17. 2-1 — 32 + 24° R= @3> or a =A — dae) 3) = 708 
or z?~1+3(@~1)=0; or (w@-1)(2?74+4+1)-3(@-1)=0; 
or (v=1)(a*+2-2)=0,..%-1=0orr=1. Alsozv?+2-—2=0 


See =2; orz*+e+42$3;3 ore t+} =43, .-2=1 or-2 


? 


18. Since (va?+ax+6 + /2*—ax+b)(/x*+avtb —22— cx +b) 


= 2ax, dividing these equals by the given equation we have 


2ax 
VNz?+an+b=—V2?—axr+b= ey and adding the given equation 


eee eae Zax 
to this we get 2/2? + az + b-= —~ + ¢; or, by squaring, 
4a2x2 4q2x2 5 
4x? + dav + 4b = —y- + dow + c?, ». 42? — 


c 2 Ab 
or 2®(4c? = 4a”) = c?(c? - 4b), . w= t Vo 


19. Reducing the terms of the first member to a common deno- 


Lf x= X/a— 2 4+-x =a 
minator and adding we get eae Eas Qa 


«—(a-2) x 

Qu/ax b rs 

r ae eae = ‘Ve? or 227 = Qbzx _ ab, or 22 = Been aon = Pa 
b? b2 «ab 6b? —2ab b Saas 

"= bet = = ye Whence a — y= EB ivlb? = 208, 


or v = 3(b 4/0? = 2ab) 

20. Clearing of fractions we get 
(Vx + 60 + a" +9)? = 2a? + 60u%+ 9x + 540 + 89 that 
"x +60 + Qo 28+ 60a? + Ox + 540 + 224 9 = Dafa + 6002+ Ow 4540 +89 


ora?+x=20; tet ha 2t+da8ls et}=49.e=4or-! 
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21. a—-1=0; or (@@9+1)(@®—-1)=0; or (#6 + 1)(29+ 1)(03- 1) 
= 0; or (a+ 1)(a*~2?+1)(@+1)(@?-%+1)(e@-1)(a?7+24+1)=0 
. we have, separately, a?+1=0; or a@=-1, ..2=4V-1; 
Also x#—2?+ 1=0; #- 2?7+ }=- 4, 0. o?-42=4 3-3, 
“cst Vid ty - 3); Alsoet+1=0,..2=-1; Also 
B—-xt1=0; orz*-x=-1,..e=3(14—-3); Alsoxr—1 
=0,..2=1; Alsow?+e+1=0; orz?+e=—1,..2=1(-144/-3) 


22, 23 — 6x? + lle ~ 6 = 0; multiplying by 2 we get 
x*— 6x3 + 1la?- 6x = 0; or c*— 6x> + 9a? + 2x? - Gr = 0; 
or (x? — 3x4)* + 2(a? — 3x) = 0, .*. (a? — 3x)* + 2(a? - 3a) +1 = 1; 
or @?— 84 +1 = 41, .«. e?- 382 = 0 or — 2; xe — 3)* = 0, 
“.&~-3=0,orv=3. Also z?—3x=-2; whence x = 2 or 1 


Mt 


23, a —4a?+r2=0; ora(@?-4e+1)=0,..4%=0, Also 
w?~4¢+1=0; whencex=244/3 
24. 28 — 822 + lla + 20 = 0; multiplying by x we get 
zt — 82° + 11a? +202 = 0; or a*— 823+ 16x? — 5x? + 20x = 0; 
or (a? — 4x)? — (a? — 4x) = 0; (a? — 4x)? — 5(a? = 4x) + 28 = 25, 
wa? — 4e-$=44; ora?-4r=5 0r0; c(e—4)*=0,..2=4, 


Also a7 - 4% =5,...2=5o0r-1 


a+a-—b+b 2x2+a+c+b-—b\2 t+b+a-b 

25. ae = z, > or —$<$—$$$<—— 
z+b 2a@+b+e a+ 

2t+b+eta— b\? a—b a-b 2 

ee pee ee eg (Ya ec) i 
a-b 2(a —b) (DED 54 1 2 

olt+eyo  tarrbte? Garbte? “stb dztbte 
a-b 9a +b +c — 2x — 2b a-b 


= Qe+b+4cy) * (+ bQut+b+c) ~ (Qu +b + cy} 
c-5b a—b 
——- = ———_ ; 9cxn — — §2 2m = — $2. 
Sete hap eat OF 2% 2ba — b? + c? = ax = ba + ab — b% 
c? — ab 
or (a+b =2c)e=c?—ab; or t= 7 arg 


ny 
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26. 3x3 - 14274 212 —- 10 = 0; multiplying by 32 we have 
9ut— 423+ 63x?~ 30% = 0; or 9u*— 42x34 4907+ 142?- 302 =0; 
or adding x? — 5x to each side (924— 422%+ 49m") + (15a? — 352) 
= w?— 5a; or (32? — Tx)? + 5(82?— Ta) + 22 = a — Be + 4B, 

~Tz+3=4(¢-$) 


Thon I< leew S Or 3z7-Txr+$=5-2n 
that is 322 - 8% =—5 that is 322 —- 62 = 0 
whence zw = 13 or 1 whence z = 2 or 0* 


27. Assume Vx + a = Xn, then cubing each side we have 
a+ 3x8a8 + 3rta* + @ = n; orut+a+ 3iax(Ya + #¢a) = 
or +a +4 3i/anz =n since x +a = Yn. But comparing this 
with the given equation we see that n = b, .. A/n = Hb, 
oa + Xa = Ab; ov du = Vb — Ha, . w= AY/b — F/a)8 

28. (427-92) — (42? — 9x + 1)! = — 5, or adding 11 to each 
side we have (4x? — 92 + 11) — (427 - 9x + 11)? = 6 is or com- 
pleting the square (4u2— 9x +11) - (4a7-9@ 4+ 117 + y= 28s 
-, (40% 92 +11)? —} = 44; or (40?- 9x + 11)? = 3 or ~ 2, 
*, 422-92 +11=9 or 4, Then 4%°-92=-2, whence x = 2 or}; 


Also 42? — 9% =—, whence x = <0 +/=31) 

29. ens the square we have 
(© +6)? + 2x? (©+6)+2=138 +24 a , and taking the square 
root, ¢+6+fx=4/(138+2 342); or (@+Vz)+6=4Vr423 $4138; 
squaring, we have (w+ Yz)?+ 12@+V7zx) +365 (@+ x?) +138; 
or (© +x)? + 11(e + fx) = 1025 or (e + 4/x)2 + 11(@ +4/x) + 192 
=102+4gr = F798, ote thtst%3, ..2+e= 6, whence 
a= 4 or 9, ora +x=—-17, whence Vx = 3(-1+44/—67), and 
= hO= 33 Fa = 6%) 


ee) 


*We throw away the root x = 0 because it arises from the « by which 
we multiplied each side of the equationin the solution, and is consee 
quently not a root of the given equation, 


en 
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30. 24 ~ 429+ 62? — an 41 = 6, or extracting the square root 
w?— Ir +1346 j and again taking the sq. root #-1= tV + 6, 
whence x = 1] + VtV76 

31. Squaring we have 4x2 — 4x6= g?— 2axt + a*x8, and divid- 

Fie Owl 4 4x2 


Page = kh at oh ot a er 4 


ing by ax* we get, ata 


Puede vat 44 ac ael 
or (2° 3 ta(@-a) teen te 40 
oh es 2 — 
+ FavV1-at a Om ee (LF Vl— a4) 
Let ~ a0 #1 — a*) be represented by 2b, then we have 
Re a 2b?; or at — 2)2y2 = 1; or w*— 207724 §4= 7 4 Gas 
or 2? — Bat Jl + da, , w= O24 V1 + 6* (A) 
2 a 1 1 e 
But 264 = — (1 Fk — a4), 2. 08 = Spe i Cake Serr 
vite | - gt T= ay} = 2 aT a 
1 = ———___ 
5 att 1 = at — at) +. 34415 142 F 2/1 - a+ — at) 
1 lt (a toe EOE Road ——, i 
ga yl 08) ~ == 8 Fal = a8)». 1+ 


Z =a Fl — a+) Substituting these values for b2 and 1 + b4 
ae 


n equation A, and then extracting the square root we have 


at = =4(1 F Vl — at) + Jad F V1 —- a+) or using only 


he upper signs 


toy «Ps laws ad oe} 
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1 pone Se ey a Pa 
oe=$—{-14+¥l—-a@+ v2—- wi - aj} 


-4—{ —-1t1 — @+V + a) - Wl — at + l—a%)5 


Bet eee —{ - Lvl —att-vil + @ fi = ay}? 


nie 


Mt 
late 


1 — ———s, 
Gi-l+ yi = a +4l+ @- V1 = a 


a 1 
ll =a! el, = Bt toatl oat ne e 


1 
a 


=+ “(Wit @ - (Wi @ + 1? 


32. {(@ — 2)? - 2 - {(@ — 2)? — z} = 90 
2. {(@ — 2)? — 2B - f@ - 2)? —- a} + g = Phe 
or {(e — 2)? -af}—-3=448,--. (@—- 2)?- 2 = 10 or-9 
that is 2 - 4% +4-—2=10, whence x =6 or-1; 
or x? - 4x + 4—a%=—9, whence x = }(5*4 3y — 3) 


a 
ar) 


fae b° ctyal 1 
ora + + ba +— +ce=0; ora uit +b ot oe +e=0 


1 eg Ea 
Let x + ab: then v* + Rvs y*® — 2, and substituting these 


=0; 


b 
33. Dividing through by x2 we have av?+bx+c¢-+ ae 


values for x we have a(y?— 2) + by=—c; or ay?+ by = 2a~c, 
—b44/8a? + b? — 4ac 1) =b44/6a™s bade 

whence y = “Tee ag doe > 

that is 2az7 + (b F 8a? + b*® — 4ac)x = — 2a, whence 


4 /8a2 + b¥—dac —b +4/ — 8a? + 2b? — dac F 2b4/8a? +b? — dac 
= —— — ) 
4a 


x 


Nore.—An equation such as the above, in which the coefficients follow- 
ing the middle term are the same as those preceding it but reversed in 
order, is called arecurring equation. The above solution affords a general 
method for solving such recurring biquadratic equations. 


’ 
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cs De an ; 
34. So hata) gee 2 =) squaring both sides 


at a4 2x? a*\ 3 wt 
we have x? —- — 4+ — —- —(2?- — Sa ms 0 
x a ay x yas 
: 2 at\} et = 
OR 0 1 a ar oe = 0; 
‘\ 
son y at—at 
or x? — 7 — a)? + q@ = 9; or taking the square root we 
v («* — a4) az*—at 
get, y- ~~ = 0; or transposing and squaring, wes as ; 
‘ at 5a* 
or a’? = 24 — at; or at — ax? = at; or wt = a’x? + aie 
ae Be ols Bins 
ace = eee: /5), whence x = + a/3(1 + 1/5) 
ere 2{(2xe + 4) -— 4(2 - 2) 
36. 22 + 4—2/2 -2 Pee LE Bet or factoring 


492g + 16 


the second member, we have 2x +4 — 2/2 -— a 
:: 2f(v2a + 4 — W2 = x)\V/2e+4 + 2W2 — 2)} 
94 + 16 
Then dividing each side by V2x + 4 — 2/2 — x we have 


_ ye + 4 -4 + 2/2) = 2) 
9x" + 16 16 

Now squaring each side, we get 9x? + 16 = 48 — 8a + 16/8 — 22° 

*, 24 8x = 32 —8x%4- 16/8 — 2x? ; or 2? + Sa = 4(8 — 22”) + 164/8 — 22? 

or x?+ 8x +16 =4(8 — 22x”) + 16/8 — 227+ 16 .°.2+4=4 (2/8224 4) 
ot = 2/8 = 224 or 2? = at — 2x7); whence x = + 44/2 

ups, Seatea Name 2 — 8 or a% + 16x + 64 = 4(8 — 22”) ; 

or 9x? + 16x = — 32, whence x =— $+ $f-14=-4(2 F -14) 

And by equating the rejected factor 2x + 4 -— 2V72-—a = 0 


; or YOu? + 16 = 2/22. + 4+ 2/2 -a} 


we obtain the remaining root x = — 
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Qe +1 +af4r?+ 3 
oak + 8 bade? + 8 


2 l-a eae 
nn = 1, 2 Bae B= OS 
Qu*+3+ajf4a2+3 1 


NW 


a . 
Tp whence Algebra, Article 196 


2 3a -1 


or w/4z7 4 3 = er ee a i toe W's 2°; squaring 
: 3a — 1\4 by 3a: =) I ye 
each side we have tot saat (5 a, ~42(5 map et) Wadia) 


eat (34-1 2a = 1\" at gtk 
oe Uh AG str s ona ea ey oe 


(9% — 1 (8a — 1)# a (3a — 1)? 
= (Sg) = oe en =D 


i 
aS 
Se 


: 3a—1 
oS a= O@a=1) 

37. {(w-1)(z-4)}{(a-2)(w@-3)} = 8; {x2 5x +4}{a?- 5x +6} = 8 
.. {(a? — 5a) + 4M (w? - 5x) + 6}, that is (2? — 52)?+ 10(a?- 52) +24=8 
or (a? = 5a)4 + 10@*—"b2) + 2b = 9, 2. a8 Tbe 4b Se 8 
.. a= Be = — 2, whence x = }(5 4/17). Also 2?- 5a =~ 8; 
whence z = 3(5 + af OD 

38, {(x — 1)(@- 8)i{(w — 2)(@ — D}{(w— 3)(w - 6) }{(w — 4) (@ -5)} 
= {(a? — 9x) + 8}{(z?- 9x) + 14}{(x?- 9x) + 18}{(@*— 9x) + 20} 
= (a? — 9x)(1 72" — 153r + 230) +401. For 2*- 9x write y, then 
we have (y+ 8)(y + 14)(y + 18)(y + 20) = 17y? + 230y + 401; 
that is yt + 60y® + 1308y? + 121L76y + 40320 = 17y? + 230y + 401, 
subtracting from each side 8y2 + 176y + 320 we have 
y* + 60y* + 1300y? + 12000y + 40000 = 9y*+ 54y + 81, or taking 
the square root of each side y?+ 30y + 200 = + (3y + 9) 
wy? + 2Ty =—191, whence y = 3(-27 4 — 35) 

Also y? + 33y = — 209, whence y = }( — 33 + 253) 

But y = 2 — 92, . we — 9x = 4( = 27 + i — 35); whence 
t= 39427 +f 33 

Also 2*- 9x = }( — 33 4 9/253), whence @ = 4(9 + V15 4 2/253) 
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39. Multiplying as indicated we have a? - 6x? + lla -6 
=a° + 627 + llz +6, whence 12z74+12=0,..2=44/-1 
40. Reducing as indicated by the question we have 


e+ 1l-5¥r +1 + 6+5Vl +2-G6¥z +14 fe +1-1=0; 
or (a — Safe + 1) + Ve = 5/a + 1=—3 or completing the square 
(v- 5x + 1) + 5(e—5yz + 1)) +28 = - 2, whence (x 5x + 1)? 
-5453 
2 ? 

Thenv-—b/a+1=a; ort —a=b5yx +1; ora®—Qar+a= 250425; 
or 2*— (2a + 25)r = 256 — a, sw = 42a + 25 + Br/4u + 29) 
But a= 4(11 + 5y ~ 3) by supposition 
oe = Rll + bf — 3 + 25 + B22 + lov — 3 + 29} 
= 18 + 8(¥ = 3 + V51 + 10/ — 8) 

41. Arranging the given quantities, we have 
(42% - 823— 407+ 2x — 1) — 2(2u?— 2a + 1)/4a4— 80%— 4a? + 82-1 
+ (404 - 825+ 82?-— 42 + 1) = 0, and taking the square root 
fiat — 825 — 402+ 38x —1- (227 - 2x +1) = 0; or transposing 
and squaring 4¢4 — 823 — 4a + 32 — 1 = 4r*- 825 + 8x" — 4x + 1 
“. 122? — Tx =-— 2, whence x = 34 (7+ ¥ — 47) 

42. Multiplying through by az to clear of fractions 
wtha-l+ Qa8c-122— 2ab + 2a%e-1e8— 2Vx = ac “Tz(a3 — a7 *bex + a) 


. © — bfx +1 = 411 + 5 — 3) =a, suppose: 


multiplying now by c we have 

aber + 2/822 £ Ihe + 2a2x — Qbex = axt — amber? + atz; 
or transposing and changing signs 

axt — Qa’x* — Qu3x? + atx — am tbex* + 2bex + Qabe — a@ber-1= 0 
dividing through by az we now have 

a> — 2ae*— Aaa + a®— be(a~*e — 2a-1— 2z-1 4 ax-*) = 0; 
or a?x%(ar 2a — Qa-1-2e-1+ar~*) = be(a-*%e —2a-1- 2x74 +ax-7)=0 
1, (ax? — bc)(a7*x - 2071 = u-1 + ax-%) = 0, or factoring the 
first member (a?a” — be)(a~*a-1 + a~4x~*) (24 m Bax + a”) = 0 


, a'x* — be = 0, whence « = + a-tWbe 
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Also a-?4-4+a744-7= 03 or 
whence x =-@ ow 
Also *— 3ax + a= 0; or 2? — 3ax = — a’, whence # = > (3 + 5) 

43. Add 2* to each side, then é 
xt + 8x3 + 2222 + 247 + 9 = a4, and taking the square root 
z+ 40+3=4 27, ... 4c=-3, whencer=— 3; also 227+ 40 =-3, 
whence # =~ 43(2 FV — 2) 

44, Changing signs, adding (4 — 24) to each side, and 
arranging we have «+ 402+ 4 = 4x4 - 475 + 1327-62 + 9, and 
now extracting the square root + (a7 - 2) = 207 -a@ + 3, 
",Qu%-24+3=a%-2; whence a?-2=-5,and..%5 ity —19) 
Also 3z?- 2 =—1, whence z = 3(1 + 4 =11) 

22+ 2x(/3 — 5) +(8- ay 15) a?— 2a(/3-1/5) +(8— 2/15) 

Cs v—ya+y5 43-5 

-8-15 
5)2 

eid ON lac agora tie 
ing of fractions 

(x +3 -/5)8 = (@ = 3 + 5) = (@2 + 8 — 2/15) (x? — 8 + Q/15) ; 
or 62%(/3 — V5) + 2/3—V5)8= {22+ (V3 —/5)Hf0?— 3 - 5); 
Let 3 - V5 = a, then 2* — Gax* = at — 20%, whence 
w=+ 3at afat+ 2a +9 where a= (3-5 


That is 


Exercisy LIV, 


1. (@ + y)(@ -y) = 45, bub ey = 5 wy Be + y) = 4B, 
ore+y=9ande-y=5.. 27514, &. 

2. (@+y@-y)= 105, but c+ y = 21 .*, 21(@ = y) = 105, 
orz—y=5.", 2x = 26, &e. 


f 
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3. 2% + Qay + y* = 81, but 2? + y? = 41 .. Qxy = 40, and 
—2ry+y?=1, whence x—y=+4 1, .. 22 = 10 or 8, &c. 

A, x? — Mey + y= 225, but 2? + 4% = 118 .. Qey = — 112 

*, w+ Qoy + y?=113 -112 = 1,whencexr + y=41 and z —y=15 

«. 2x = 16 or 14, &. 


6. 2 4?= 89/and'¢ = ere: et a= 89; or y+ — 89y"= — 1600; 

y* — 89y? + (82)? = — 1600 + 2221 = 1521 |-, 2 82 = + 92, whence 
40 40 40 

y=+8or4+5. Bee ae as Ot eg eNO ae 

6. 2?7—y?= 55 rg le gee 2 24? ere 44.5572=5176 

. «?—y7= 55, an ay VUE, ae 5; or y*+ 55y?=5 
whence y? = 9 or — 64, and .. y=+3 ort+ 8/-1 
And rh DST Lae = = £8 or F 3-1 

OO EE GEE SNES 


7. w+ 3y*= 143, and y= 24 — 2x .. 27+ 3(24 — 2x)? = 148; 
or a*7— 1728 — 288% + 12z"= 148; or 13x%?-— 288r = — 1580, 
whence x = 12,7; or 10 
And y = 24 — 2x = (24 — 24-4;) or (24 — 20) = — 74 or 4 


. 5 2+ By 2+ 3y\? 
8. 34?— 2y?= 115, and x=-—5— .". 3 2 — 2y?= 115; 


or 19y? + 36y = 448, whence y = 4 or — 515 


2+ 3 2+ 12 2- 1713 
And x = a ; or g = Tor - Tg 
, 2 2 1 2y 2y ; 2 
9. 407 + 3y’ = 5il, andc=9-—.". 4 ae Mas 8: 511, 
or 43y” — 432y = 1683; whence y = 132; or — 3 
2 26-35 
And s=9-3=(9--3") or (9 + $) = 44 or 11 


10. 2% —y? = 26; also from 2nd cquat. x? - 3x7y + 3xy?— y° = 8 
.. by subtraction 327y — 3xy?= 18; or xy(x — y) = 6, butx—y=2 
*,20u=6 or zy=3, Thenay=3andx=2+y..y4(2+y)=3 
ory” + 2y = 3, whencey=lor-3. Andr=2+y=30r-1 
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ll.2ty=4 0. (a+ y= 16 «. w+ 7% = 16, and from Ist 
equat. 23+ 32y + 3xy?+ y? = 64, .. by subtraction 327y + Bry? = 48; 
or vy(x +y) = 16, butr+y=4..ay=4..y(4-y) =40ry?—4y=—4, 
whence y = 2,and2=4-y=4-2=2 

12. Squaring the 1st equat. 4/x +2 s/ay + 4/y = 9, but 4 Vxy = 8 
. subtracting we have 4/x—2 Vzy+4/y=1; whence /r-Y/y=41 
and */x + /y = 3, .. by addition 2Yz = 4 or 2,.. Yx = 2 or 1, 
whence x = 256 or 1, &c. 

13. y?+4a—2y = 11, and a= 14—4y.*, y?+4(14~4y) - 2y= 11, 
or y2—18y =~ 45; whence y= 15 or 3, and a= 14—4y=-— 46 or 2 


: OG caer 
14, 2u? + zy — Sy? = 20, and «= —> 
Bye 3y + 1 
a 1g a Ver ) = By? = 20; of ay + ty = 38, 
i By +1 
whence y = 3 or — 6} and x = —>— = 5 or-9} 


2 

15. 92+ 5y—4ay=0, andxr=2+y.:. 9(2+y)+5y—4y(2+y)=0, 
or 2y?— 3y = 9; whence y = 3 or—2, andr=2+y=5ori 

16. 27y? + dey +4=100 .».2y+2=410; whence zy = 8 or—12 
From second equation = 6 —- y ». y(6 — y) = 8 or — 12 
That is y?-— 6y = — 8, whence y = 4 or 2; and y?— 6y = 12, 
whence y = 34721. 2 =6—y=2 or 4, or 3 FV21 

17, 9x* + 36xy — 85y?=0, andxe=2+y 
“. 9(2 ty)? + 36y(2 + y) — 85y?= 0. That is 10y?- 27y = 9; 
whence y = 3 or - 7, and x =2+y=5 or liq 

124+y? 


18. From second equation x = and substituting this 


4 12 + 7? 
a y yy = 7 


Wy 


= WP 
for z in the Ist equat. we get y 
144 + 24y? + y* 


OR Ap Oana +12 + y? = 17; or 2y* — Aly? = — 144 
“y= 16 or 43, whence y = +4 or $ 34/2 
ha ERR 8 eee 68 = a 
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19. Letw=v+zandy=v-z 
Then 2+ vy = (v + 2)? + (v + 2)(v — z) = 2v? + Qvz = 66 (1) 
Also 2°— y?= (v + 2)?— (vy — z)? = 4vz = 11, Que = I (az) 
From (1) we get 2v?= 66 — 4h = 121 |-, y? = 124 or y 

za=4p+4+11=+3. Then 
w=v+e=ttley=46. Andy=v—z2=41 + 


From (11) we get by substitution 


_ 20. From Ist equat. by clearing of fractions 2° + y* = 18xy (1) 
and cubing the 2nd equat. we get 23+ 3x%y + 3xy? + y® = 1728 (11) 
and taking (1) from (a) we have 32y + 3ay?= 1728 -— 18zy; 
or zy(x + y) = 576 — 6xy; or since  +y=12, we have l2zry 
= 576 — Gry ... 18zy = 576, and hence zy = 32. Thenxz=12-y 
-. y(i2 — y) = 32, or y? — 12y = — 32; whence y = 8 or 4. 
And «=12-y=4or8 

21. Letw=v+z2andy=v-2 

Then 2° + y® = (v+2) + (v—2)® = 205 + 20v%2? + 10v2t = 3368 ; 
or v® + 10v8s? + 5v2* = 1684. But x + y=vtet+v—z=22wv=8 
..v = 4, and substituting this for v, 1024 + 64027+ 2024 = 1684; 
whence 24 + 322? = 33, .*. 22= 1lor—33 andz = t+lor+/-33 
Then z=v+2=4+4 1; of 4+ ¥ —33 = 5 or 30r 44.4/—33 
y=v—-2=4F1; ov 4$f—33= 3 or 5 or 47-33 


22. From lst equat. 2° + 3xy + 3ay? + 3? = 343, and 2° + y3= 133 
=, Buy + Sry? = 210; or zy(x + y) = 70, bute t+y= 7. xy = 10 
And «= 7T-—y.. y(7-y) = 10; whence y=5 or 2, and x= 2 or5 


23. Letx=v+zandy=v-—z 
Then 2 + y*= (v + z)* + (v — 2)* = Qvt + 12072? + 224 = OF 
Butxw—-ysvt2-vtz2s2zsl1l..2= 
Hence 2v¢ + 3v? = 97 - 3 = 9623; whence v? = 2% or — 32 
svat hort p/-3l 
Thenc=v+2=43+4; ort lf —31 +423 or ~ 2 or i(14+9—31) 
Andy=v-2=+$-3; or + }y—31-} =2 or-30r}(-14—31) 
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24, Multiplying the 7nd equat. by 3 and adding it to the Ist . 
equation we have z* + 327y + 8ay? + y? = 343; whencer+y=7 
.e=T-y. Also ay + ay? = cy(@ ty) = Tay = 84. ry = 
“..y(T — y) = 12, or y2 — Ty = — 12; whence y = 4 or 3, 
and«z=T7-—y=3o0r4 

25. 2+ y2+u+y = 26, adding 2ry to each side of the equat. 
_ we have (x? + 2zy + y”) + (a + y) = 26 + 2xy, or completing the 
square (e«+y)*+(e@+y)t+4= 263+ 2ry.c+yt+ R= 4/264 + Qry 
orz+y=4/26} + 2xy—}, but 4(z+y) = 3zy .°. 8ry=+ 426} + 2xy 
- 2; transposing and squaring these we have 9x7y? + l2ey + 4 
= 420 + 32zry .. 9x7y? — 20zy = 416; whence zy = 8 or — 42 
Then 4(@@ + y) = 32y = 24 -. 2 + y = 6, and x = 6 — y 

y(6 - y) = 8, or y* — Gy = — 8; whence y = 4 or 2, and 
“.2=2or4, Also y(6 - y) =—523 whence y = }(-13 + 377) 
and ..2=4(-13 £377) : 

‘ 26. Clearing the first equation of fractions we have 

f(a + y)? + (@ — y)*} = 26(u? = y): 2. e, 10x* + 10y? = 26x? — 26y? 

Hence 36y? = 16z?, or 6y=+4 4a, or y = + = substituting this 
2 x2 


2x 4 
in the 2nd equation, we have e(4 3 = 52; or 2? + 533 52 


xz 
= 4; or = 42; or r= 46. And 


20. Ty = 2a + 36 .. y= ——y—; substituting this in the first 


equation, we have « + —~7— = 2%, or Tz? = 9x = 36; whence 


2 
w=3or-15. And y= —y— = 6 or 439 


28. Letw=vt+z,andy=v—2z; then we have from the first 
equation 24 + 12072" + 22*= 144 — 28v%27 + 1424, and this by 
transposition gives 40v4s?= 12v4+ 1224; butrw+y=vut+z2+v—2 
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= 2v =m, .. v = 4m: substituting this for v, we have 10m?z? 


3m* 3m m 


yey ae ot ot CPi Sil ies Eyl Og 
xm* + 122%, or 6 5m?z 8 ; Whence z 2/8 Says 


Thenz=v+z= mere =o jor dm to = (1443); or “(144 14/3) 


2a/ 3 

m _ 3m mm es WL 

Andy=v- w= F733 ory F573 = gC FVD) 5 or FCF WS) 
74 

vt+ovt2 
13 74 73 

Qv?+204¢1'v?+v+2 2v2+2v041 
74 

w+o+2 


29. Let w=vy; then v7y?+ 2y7+ vy?= 74, or y?= 


and 2vy?+y?+ 2vy?= 73 ; or y?= 


or by reduction v4 + v = = 8b) whence v = ? or —3; y= 
yp AR 
— fe tet 2° 
as before y=+5. Therefore x =vy=+5x 2; ort5x-£=4+3 


74 
25 .. y= + 5, also y? = S842 = 25; whence 


or; 8 

30. Adding the two equations together, we have x4 + 2x?y? + y* 
= 169, whence 27+ y2=+413; but x?+ 2x7y? + y? = 85 .-. by sub- 
traction 2x7y?= 72 or 98 .-. x*y?= 36 or 49, and zy=46or+7 

Ger See eae : 
Then « = -— or ——, and substituting this for x, we have 
ONES es, Peclie e 

(: F, + y= + 13, Wnat Se get ae 13; or y* $= 13y? = - 36, 
whence y7= 9 or 4, and... y=+3o0r+2. (Impossible values 


being rejected.) 


108 
2 2 2 — a 
31. Letx=vy; then 3v%y?+ 2vy?— 4y?= 108; or y?= 35 ap kad 
2/2 2 2 2 BBs de) oO fl 
Also vy? — 3vy? — Ty? = - 81; whence y? = 7 —— ay 


an = b ducti 13v2 — 6v = 40 
304 fo A = Bu oF eT & bY teduction, 130°— 6» = 40; 


whence v = 2 or — 73 

81 81 81 
Then Y= soe ti = Soa ea CHP ee 
or 169x 27...y=4+3 or =+ 3973 
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And # =vy=4+3x2; ort3x—22=46 orf 4,5 
Also x = vy = + 39/3 x 23 or + 39/3 x — 29 = + 7781/3 or F 60/3 


32. Factoring the first equation, we have 


12 
(=x) -(ytr)=12.6.(ytz)y-2-1)=12; ce ciinage Oars. 
48 12 48 1 4 


buy tas Gay yaa 1 Gays Sy—e-1- g—ay 
or (y-av)? =4(y-2) -4.°. (Y-2)?- 4(y—x)+4=0; whence 


48 


y-x=2,andy+a2= = eee 48=12,.°..y=14 or 2y= 7, and v=5 


a eeae the first equation, we have 
ied y+ yt 20; that i ; +4) + (Fr) 
— at is{ — —_— = 
77 y Y= G “b y y 


- ees that is a+ y? = 4y or — by 


Taking x+y? =4y=2 + 8, (by 2nd given equation) we have 
ye =8..y=4, anda =4y-8=8 

Taking x + y =~ 5y, and subtracting this from the 2nd given 
equat., we have 8 — y? = 9y.8-8y=yty?; or 8(1—y) =y(1+y?) 
and dividing each side by 1 + y, we have 8(1 — y?) =y; that is 
y + gy? = 8, whence y? =-442/6, and .. y= 40 £166, and 
x= 4y — 8 = 152 F 64/6; also L+yis ey ee 

34, 2° + y8 = 35 (1), 27+ y? = 13 (a). 
From (1) (@ + y) (@?— ay + y%) = 35; but a? + y? = 13 
3 ‘ 


ma 


“. (2 +y)(13 —ay) = 35 we + y = ere squaring we have 
: “45 1225 aN hee 
w+ dey + y? = 169 — 26xy 4 242) substituting (11) in this, we 
five takes 1225 ae 1225 — 2197+ 338ay — 13271? 
169 — 26xry + xy? 169 — 26xy + ay? 
338ry — 1327y? — 972 
~ 2ry = —Tg9 2 Jeny + wye 3 clearing of fractions, we have 


2n%y’—3907y? +972 =0; and factoring (ay ~6)(xy4= 2%ay = 162) 
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=0 .. ry-6 = 0 (i); and also 2x7y?-— 27xy — 162 = 0 (iv) 
From (11) xy = 6, and from (1v) y=18 or 4} .*. 2xy = 12, or 36, or 9 
Hence adding these to (1) and extracting the square root, we 
have z+y=45, or +7, or+/22; similarly subtracting these 
from (11), and then extracting the square root z - y = + 1, 
or +/—23, or +2. Hence by addition and subtraction we-have 
z=+3; ort3(7+7— 23); ort 3(2 +4/22) 
y=+2; ort 3(7-4/— 23); PRA GME 2 

Otherwise, thus: 
Letw=v+2,andy=v-—z ( 
Then from (1) 203+ 6v2?= 35 (m1), and from (11) 20? + 227 = 13 (11) 
Multiplying Gv) by 3v, and subtracting from (1,) we have 
4v3 — 39v = — 35. Multiplying by v, we have 4v* — 39v? = — 35u 
Dividing by 4, vt — 32v? = — 480; add v? to each side, and 
vt — Shy? = vp? — Shy +, yt — v2 =.35 (yp? v) .*, (v2 —v)(v? +0 — 2) = 0 
..v?—» = 0 (vy), and v? +0 = 36 (v1) 
From (v), v=Qorl; and from (v1), v=$or—3. But 2v?+22?=13 
"2 = 44/26; on 4: or+4; or¢}/ —2 
Then + =v + 2 = 1 + 3/22; or § 43; or - 3 + J — 23 
y =v —z = values as obtained above. 

Norr.—The values v = 0, and 2 = 426 are derived from the v, by 
which we multiplied equation (Iv), BGS 

pe ADO 
35. By Algebra Article 106, we have /y? + 1 = o 


whence x = 9y?; substituting this in the 2nd equation, we get 
oy2(y? + 2y + 1) = 36y> + 64; or 9y* — 18y> + Gy? = 64; 
or 9y2(y2— 2y + 1) = 64... By¥y¥ -1) = 48; or Y-y=H 8, 
whence y = (3 + V105), or (3 + ¥ — 87) 

And x = 9y? = (19 4 105); or 3(-13 +.f— 87) 

36. Multiplying the 2nd equation by x, we have z* + ry? = 2, 
butat+yt=c..at+yt=att+oy., y*—xy>=0; thatisy(y—2x) =0 
whence y°= 0 .*. y= 0, and hence = 1. Also y =a = 0 YR Ly 
whence 2%9= 1, and y= # = 4/4 
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1 
37. Dividing the lst equation by 2%, we have (2 + =) y=y?t+l 
- 
Sic ehh ee ye Again dividing the 2nd equation by y8, 
4 a : 1 
we have Vtg 2 = 9(z2 + 1) teats 9 oh ie 


iy 1 1 
or 5 (v7 os 5) -o(2+=) (1) 


Now adding equations (1) and (11) together, we have 


tS ate 1 ule A 3 3 1 ENE 
a\v + gs TY eee a tame gh hee Gag Mets ee 
3 


1 3 ih iy 5 
7, Yet pe aoe Bt fea x + =— or extractin 
i as be on y + ) 3(z+—), tracting 


1 1 1 
the cube root of each, y + er (2 + =) we But () y + a 


1 ) 
sii w= ahah iter i! ( ss ar and factoring 


1 ‘ 1 TNE. 1 
E+) wa ltg)= (et js o. c+ — = 0, or at=~1, 


orz=4+/-1. Alsoa?— iS Se= 4/33 ov 23 24.24—5=341/3 Om) 
by adding 3 to each side, .. x + = = 4/3 + 4/3, similarly by 
taking 1 from each side of (mm) and then taking /; x — =4+3/3-1 
Then by addition, we have « = + V3 +43 + /¥73 — Vf 


1 1 
Andy tps (e+ D)ya= 4 x Vers = 3 + 34/9 


1 a 
yt lt ie 3 + 34/9, or taking 4 from each y?— 2 + af 


= 34/9 — 1 o. Yee = + 3/9 — 1. Hence by addition 


1 
. i 
y= + Hv3 + 39/9 + 3%/9 — 1}. Also since x Hee 05 
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Cee ae a 


ut y : 
~38. By transposition ye ab eh + = 27, or adding 2 to 


x 


y 
i senifat y oY 
each side, i + 2+ z) + an =) °°; completing the square 
&, TENG az y x 
Grey eGetjeres gta ee ee 
Se + + =§0r-} orabg yt AE op — EY 
_ Again by squaring the 2nd equation, we get 27+ y?=2ry+4 
5xy Tay 
“. 22y+4= ay Oke) eas whence xy = 8 or— %;. Then since 


a?—2ry + y®= 4, and 4zy = 32 or —}%; we have by addition 
x? + Qry + y? = 36 ort}. ety =t 6 ort 4/33, and z-y=2 
“. a= 4 or — 2; or 1 + 354/33; and similarly y = 2, or - 4, 
or — 1 + 44/33 

39. From the ist equat., we get (fa +y) +V5(fx sly)? = 10; 
completing the square (fz + Vy) + V5(Vvx + vy)? +4 = 48 
ae (n+ ly)? + 45 = + 3/5; whence (x + vy)? = 75 or — 2/5 
~.Vx+/y = 5 or 20 (1). Taking the former of these values, 


and raising to the 5th power, we have 


5 ey 3 53 i, 
u- + 5a*y? + 10n?y + lOxy? + 5x7y? + y® = 3125 
is 5 
But 27 y= 205 
ad 3 betel Mais 
Bx?y? + 10a7y+ 1l0ry* + 5x7y? = 2850 
bi cryk sted of 
ery? \ a + Wry? + 2e7*y t+ y = 570 (ui) 


But cubing equation (1), and multiplying it by ay}, we have 


aty? (a? + ary? ote Baty + y°) = 12502y? (Iv) 
Subtracting (11) from (iv), we have 
aty? (xy? + ay) ; that is ay( 2? + y?) = 125x4y? - 570 
But 2! + y? = 5 .. Sry = 1252%y? ~ 570 


Then x + aut y? + y = 253 and Ant yd = 24 or 76 
G 
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oe Saety? 4 y= lor-51; or et See or +/—51; and 
x? ty? =5..a2 = 3, or 2, or }(5 +f — 51); whence x =9, or 4, 
or 1(-134—651); similarly y = 4 or 9, or }(— 13 | f—51) 
By using throughout the value Vx + y= 20, other values of 
x and y may be similarly found. 

40. From the Ist equation (@ + y)(a? - ay + y*)=2-y 


t= 
o. et ay t+ y= ae > and from the 2nd equat. 2? — axy + y* 
; al a ay $y 
*. by subtraction, we have (a— lay = ~~~ = SS 


ety z+ Qry +47 


a 
fuxy wey = 20y _ [a= 2)ey | “Vi5 = Wess 
avy + 2ry ~ a He Se ain Praga ut 


suppose. Then y = = and y? = es substitating these values 


b2 
in the 2nd equation, we have 2? + is ab; orz*— abx? = — 0; 


whence 2?7= ne +ja?—4); and therefore # = + VeRG 4+a/a*— 4) 


= $4yd{2(a + ia = + ibQ/a+2 ta—2) by Algebra 


Art. 189. And y= “4 $ Wb(a+ 2 +2} Va- 2). See Algebra- 
Art. 181 


|o 


41. From the Ist equation zy + ax ~ ay—a?; that is (7 ~a) 
(y+ta)=0..%-a@=0; orr=a, Alsoyta=0..y=- 
From the 2nd equat., substituting 2 = a, we have a+ y?+ a =0 
yas af EF. Again substituting — a for y in the 2nd 
equation, we have x + a* + a°=0; whence « =~ a*(a+ 1) 

42. Squaring the first equation, we have 
t+ yt + at + 2u27y? + a”) + 2a7y? = 0; and subtracting this fron 
the 2nd equat., we get 2?(y?—a?) - 2a7y?= 0 .. 2(y?—a?) = 2a?y? (1 
From the Ist given equat. 2? =— (y?+ a?) ». 2°(y?—a*) =- (y*-a’5 
vin (yt = a) = 2a’, or y* + 2a?y? = at; whence y?=a2(-137%) 
and y= + af = 1 £ 2, Also a® = = (y? + a*)= F 07/2 


oa Fas 
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43. Hrom 2nd equat, 2% — 3y°+ a5 + 3a4y — 2y? —a8zt — 2a%x? 
= 0 (1), and Ist equation x (x* — y”) gives 7° — 3y3 + 3ity — 27y? 
+a°x*—a*y?= 0 (1); then (1)—(11) gives a6 — 2a°x* — 2a%x?+ a®y? = 0 


or dividing by — a’, we have 224 + 2x?— a?— y?= 0 Gn). But from 
. . ere) aya a + a8\2 
first of the given equations y? = i ae 
+ a3 2 


a -a@=0; that 


.. Substituting this in (am), 224+ 2x? — (= 
_ is when clear of fractions 18+ + 18a?— x4 —~ 2a°z? ~ 5 — 9a? = 0, 
that is 17x24 + 2(9 = a°)2? = a8(9 + a?) 

~9 +39 = 15a? + 2a8 


TE MENS TF Cate 
Whence biel 17 ; oe 
et J {LT(@ = 9 + 3/9 = 15a* + 2a°)}? 

a oe a : A 
ae ye St = 1-(6a5 = 3 + 9 — 154% + 20°) 


44, Raising the 1st equation to the 4th power, we have 
at — darby + 6a°y? = day?+ y*= c4 + y*— 207y? — dry (a? — 2ary +?) = at 
Bat xv? = 2ry + y? = a%, and 2* + y* = 64, b* = 2x7y? = da’xy = at; 
that is 2«%y2+ 4a2zy = b+ = a}, whence zy = Bo eee 
Then x2? — 2ey + y* =a", and multiplying value of zy by 4, and 
adding, we have x? + 2xy + y’= = 3a? + 2/2a*+ 264= m?, suppose 

m+a mM =a 


Tayi yand y=—)— 


=“y =a, and « + y = m; whence « = 
where m = + V 2204+ 2b4 — 3a? 
45. From 1st equation 2? + y? = a? + zy, and squaring this, we 
have «+ 227y?+ y* = at + 2a%xy + w7y? °. wt — vy? + y4 — 2a2ry = a4 
subtracting the 2nd given equation from this, we have 


; a+ f3at— 204 | 
Qx°y? ~ 2a°xy = at = b+; whence zy = rea = c*, suppose 


‘Phen zy = c, and 2? — ay + y= ats, a2 ay +P a 0%, 
and  -y=+ yVa=c’. Also a? + 2zry + y? = a? + 3c?; whence 
atey = + VO + 8%. w= + U(fat + 3c? + Yor =c%, and 
a? + /3u* — 264 


y= i(yat + 34 F Ya? = 6), where c? = 
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46. From the 2nd equation, we have 
xt — Quy? + 2x7(a-—1) + yf — 2y4{a-1)+ (a -1)?= a? - da+4 
.. extracting the square root of each, we have x2? — y* + (a— 1) 
=+(a-2). To find the yalkes of x and y which are independent 
of a use 2?7- y2+(@-1)=+(@-2). Then 2?—-y?+1=0, or 
e=y?-1; 22-3=y?-4 (am). Again from the first given 
equation 326 — 1824 + 27x? = 322(x?— 3)? = 2y6 — Lly*+ 52y? + 27 
But (m) x? -3= y?-4, and 2? = y? -1.. 34% - Dy? - 4)? 
= 2Qy8 — lly* + 52y? + 27; that is 3y6 — 27y4 + 7T2y? — 48 
= Qy8— Llyt+ 52y2 +27 .. y® — 16y*+4+ 20y2 -—75=0; multiplying 
by — 4, we have — 4y® + 64y*-— 80y? + 300 = 0, and adding to 
each side y® — 20y*+ 100 we get y® = 4y® + 44y? — 80y? + 400 
=yS — 20y*4-100. Then taking the square root y*—- 2y? + 20 
=+(y*- 10); that is y? = 15, or yt-—y? =-—5, whence y? = 15, 
or (1+ Y—19), and 2 = y2-1 = 14, or 3104+ ¥—19 - 1) 
whence y = + /15, or + Via + -19) = &e. 

47. From the 1st given equat. y* — 2a%y? + 24+ 4(y?-— 2°) +5 
= 2 V4(y? — 2®)8 + By? — 2?)?; that is (y* — Qe2y2 + x4) 
= 2(y? — a?) V4(y? = 22) +5 + ae —2x*)+5}=0 .. extracting 
the square root, we have y®? — — V4(y? A(y2 —~ 22) +5 =0 ’ 
or y2 — a2 = f4(y? = 22) + Bw. He = 22)? — 4(y? = x2) = 
whence y? — x? = 5 or —1, taking y® — x® = 5, we have from the 
Qnd given equation y* — 3y? + 1 = 5a = Sx + 8xfx?— 22 +544 
= 52x? Sx t 4a 4n? = 8a +20+4= 522 — 8x4 4a 3y?+a2—-824+54+4 
since 15 = 3y%? = 32%, Hence by transposition, we have 
y* = By? +22 — 8x +5 + dan/3y? + 22 = 8a +54 42°, and taking 
the square root y® = + (/3y? + x* — 8@ + 5 + 2x); using 
the positive sign, y? = 2x = f3y* + 2? — 8% + 5; squaring 
yt — Avy? + 4x? = 3y2 +22 -Sx 45. yt — day? + 4x? ~ 4y2 48244 


=2%—y2 +9; but y? —22 =5 .. yt— 4a2y? + 4? — dy? + Br + 4 
=9-5=4 Sere ee a Oe 
wvt—24+5= 4, or ve? -2¢4+5=0; whence r=1, orl+2V-1 


and y=4+x? + 5=446, or Wires 
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48. From the 2nd given equation, we have 
r2y? — Gays/y® — x? + 9(y? — x?) = 16(y% — x2). .*, extracting the 
square root, we have zy — Sy? — 2? = + dy? — x? 
» cy = Thy? —x? or—o/y? — x, and. 2 y” = 49(y? —2”) or (y? -2”) 
From the Ist given equation z+ — y*— 4x2 + 4y? = 4x2 — 12 
— 8x? + 16 = y*— 4y24+ 4; whence x? — 4 = + (y?- 2) 
that is y?=2?-2, or6-—a? .y?—2?=-2; xy? = 49(y? — x?) 
or (y’ — x*); that is ?(2? — 2) = 49( - 2) or — 2; that is 
z*— 2x =—98 or=2; whence x? = 14-97 or 1 + ~=2 
and y®? = 2? —-2=-— 1 4+ 4-97, or-liv—2. Also since 
y® = 6 — 2, we have by substitution #°(6 — 2?) = 49(6 — 2x?) 
or 6.— 2x7; that is a* — 6x? = 98x? — 294, or = 227 — 6 
that is x4 — 1042? = — 294, whence a? = 52 4/2410; or x#— 82? 
=—6, whence z?= 444/19. And y?= 6 ~2% = - 46 F 4/2410 
or 24/10; whence z = &. 


Exercise LV. 


1. Let 2 = one part, then 19 — x = other, and (19 ~ x) = 84 
2 a z Ley 2" 362 — 336 = 24h . ior 

x? — 19x = — 84, x? - 192 + (4,8)? = 4 = 28» ~ li 48 
& = 12 or 7; whence the numbers are 12 and 7 

2. Let x = greater, then 17-x=less; r-(17-2) = 2x-17 
= difference; then x(2% — 17) = 30, 2x*- 17x = 30, whence 
x = 10, and the numbers are 10 and 7 

3. Let x = length, then x - 12 = breadth, and x(a — 12) = 2080 
that is x? — 12% = 2080, whence x = 52 and sides are 52 and 40 
rods. 

4, Let x= greater, then x — 9 = the legs, and x? + (x —9)? = 353 
that is 2%? — 18x + 81 = 353; x? - 92 =136, whence x=17 or-8 
and the numbers are 17 and 8, or - 8 and-17 
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5. Let x = one part, then 16 — 2 = other, then «(16— x) + 2? 
+ (16 — x)? = 208; that is x? - 1€a = — 48, whence a = 12 or 4, 
and the numbers are 12 and 4 


x 
6. Let x = gain per cent. = buying price of wheat; then 00 


a) He 
= gain per dollar on buying price, and x x 100 100 7 Sain on = 


dollars, i,e. gain on whole transaction ; but 171-2 = whole gain, 
x? 
whence jo9 = 171-2; or x® + 100% = 17100, whence x = $90, 
buying price of wheat. 
Proor. $81 -+ $90 = $171; also if he gain $81 ou $90, he gaius at the 
rate of $9 on $10, or $90 on $100. 


7. Let x = number of sheep bought, then = = price in dollars ; 
80 80 
then ary Sea that is x* + 4x = 320, whence x = 16. 

8. Let x, y and z be the digits, 2 being the right hand one; 
then 2? + y? + 2? = 104 (1); y? = 27z + 4 (@); 100% + 1lOy 
+2—-594=100z2+10y+2 (nm). Substituting (1) in (1), we have 
xv? 4+20z+2?= 100; whence x+z=10(av). Reducing (11), we 
have 99x - 992 = 594, ort@-—z=6(v). Adding (1v) and (v) 
together, we have 2x = 16; whence = 8. Alsoxv+2z= 10 - 
“2:52, and y® = 27y+4=32+4+4=36; whencey=6. Hence 
the required number is 862 


240 
9. Let = number of sheep bought, then Ser price per sheep, 
240 
x — 15 = number sold, and an % = selling price; then 


eV 28004 18 _ (600 +2 
(x - 15)(—- + =] = 216, that is (——— } (@ ~ 15) = 108; 
or z+ 45x = 9000; whence x = 75, and 24° = $3:20. 


Hence 
number bought was 75, and price per sheep $3°20 


10. Let 2 = one number, then 10—z = other, and 2°+ (10 —2)8, 
that is 2° + 1000 - 300% + 302? ~ x = 280, that is 3022 — 300x 
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=~ 720; or x? ~ 104% = ~ 24, whence a = 6 or 4, and the required 
numbers are 6 and 4 

11. Let # = less, then 24 - x = greater, and x(24 — 2) 
= 35(24-2-—2x), that is 24% ~ x? = 35(24 — 2x) = 840 — 102; 
or a® ~ 94x = — 840, whence z = 10 or 84, and 24 — x = 14 or 
- 60 .. the required parts of 24 are 10 and 14, or 84-and - 60 

12. Let z and y be the numbers, then a + y = ay = 2? — y?; 
_a+y=a%—y?, whence dividing by x+y, we have « — y = 1; 
orz=1+y. Alsox+y=ay, thatisl+y+y=y(1+y); or 
L+2y=yty? «.y®-y=1; whence y=}(1475), andx=1+y 
=14+3(14 75) = 2(3 + V5) 

13. Let x = circumference of hind wheel, and y = that of fore 


120 120 
wheel in yards; then —~ and gate revolutions made by each 
Pre 120 
in going 120 yards. Also by second condition par Ma yt 
= revolutions made in 120 yards. 
ee = = - -1) @by dividing by 6 
ee 120 120 a 30 30 
ors tea oe De ee cei asa a 
. 20x — 20y = xy (m1) and 29% - 3ly=a2y+1 (av). Subtracting 
_lilytl 


(im) from (iv), we have 9x —1ly=1; or9x=1ly+1l..%= 9 
20(1 ly +1 lly +1 
Gly ~ a0y=y/ y ) 


Substituting this in (1m), we have 9 


9 
that is 220y + 20 — 180y = 1ly? + y .*. lly? — 39y = 20; whence 
lly+1 
y=4,and z= - = 4f=5, Hence circumferences of wheels 


are 4 and 5 yards respectively. 


1 1 
14. Let x = one fraction, then 7? — x = other, and ati ae 
. . 1 15 29 . 
= sum of their reciprocals .-. sd — ieee ate that is 


12(29 - 152) + 180” = 29%(29 - 152), whence by reduction 
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e 

435n? - 841x = — 348; or 2? - 244 =— 248; 2? - tle + OH)? 

7072 505520 =] L = 8414 319 —~ 1160 op 522 

~ 797855 — #88538 = 784565, whence x= $49 + 870 = “wro' OF yi0 

= om ts ee 

= 4 orf, and 9¢~@= 93-20 = 3% = 83 Or te — fs = Tb = 4. 

Hence fractions are { and 2 
46800 

15. Let x = number of children, then = share of each; 
46800 46800 ig Mak 

then = + 1950, that is - = — + 1; whence 
z-2 zx Sere ve 


zg? — 2x = 48 ... e = 8 = number of children. 

16. Let x = number of hours the clock is too fast, then, since 
the shadow on the dial moves from 1 to 5, the clock will strike 
the hours from 2 + x to 5 + & inclusive; i.e. will strike 
2+2+3+z2+4+x+5+x=14+4 42 strokes, and last stroke 
willbe 5+2. Then (5+2)?-—41=number of minutes the clock 
is too fast above the z hours; i.e. 25 + 10x + 2? — 41; 
i.e. 7+ 10% - 16. But hours too fast + minutes too fast 
= whole number of strokes; that is x +a? + 10x - 16 = 14+ 42, 
whence z* + Tx = 30 ... = 3 or 10, and 2? + 10x - 16 = 9 + 30 
- 16 = 23 .-. the clock is 3h, 23m. too fast. The second answer 
10 is excluded by the limitation that the clock does not strike 
12 during the time. 

17. Let x = hours travelled by each = miles per hour travelled 
by slower, then x + 3 = miles per hour travelled by faster; 
vi+ x(@ + 8) = 2u2 4+ 3x2 = 324, whence x = 12. -Hence slower 
travelled 12 x 12 = 144 miles, and the faster 12 x 15 = 180 miles. 


144 Pek 144 
18. Let w= = number, then —— = share of each .- hel eae 
zc ah y a3 
whence x? + 2@ = 288 .-. x = 16 = number at first. 


10 
19. Let x = left hand, and y = right hand digit, then — 4 2 


=2(), and l0z+y+27=1l0y+a (1). From (1) 1l0r+y=2xy (1) 
From (1) 9x - 9y = -— 2%, whence « - y = - 3, or m= y - ae 
substituting this in (au), we have 10(y - 3) + y = 2y(y — 3) 
*, 2y? — lly = — 30, whence y = 6, and z=y-3-=3. Hence the 
required number is 36 
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20. Let x = price of coffee, and y = price of sugar per lb. in 


800 
s.; then 60x + 80y = 2500 Ga). Also ae Ibs. of sugar for $8, 


and Ts, of coffee for $10; then -—— = Magee Hoth) 


y 
125-—4y 
From (11) by reduction 100x ~125y = 3xy (11). From (1)z=—3—, 


100(125 — 4y) 


substituting this for x in (im), we have Pat git a Pleoy 
(125 - 4y) ee 
= Lae Bee whence by reduction 6y* — 575y = — 6250 
125 — 4y 
*. y = 123 cents, and x = SC eS 25 cents. 


21. Let x and y = number of days required by B and C 
respectively to finish the work; then in 1 day 4 does 7th; 
1 iti eT 36 «+18 
B,--th; and C, =th of the field ; i; + eget: $36 > — + ——— 


648 
Shea sie what B would have received, had C not been called 
360 


10 
in; but B worked 10 days .-. he did receive — x 36 = —— 
) xv x 


x+ 18 Ke 
tion x® — 174x = — 4320 .».x* —174a + (87)? = 7569 — 4320 = 3249 


, 648 360 
_ Then ( - ee) dollars = $150 = $3; whence by reduc- 


4 
*. = 30 = days B would require. And 4$ + $3 + Rem 1 


o : 
+e 1-(8+ 4) =1-48= %& «. 2y = 72, and y = 36 = days 
C would require tocradle the field. 

Proor.—lf Chad not been called in, they would have taken 11} days to 
finish the work, and A’s share would have been $2 xX 11} = #22°50. 
Hence B’s share would have been $13°50, but since, when C is called in, 
B ouly works 10 days, he receives only 19 = } of $36 = $12 = $1°50 less 
than he would have otherwise received. 


22. Let x and y = the number of feet in the side of the base ; 
then Say — 4cy ~ zy = 80 + x + y (1); also N25 + 2? + y? 
= f(z? + y?)(). From (an), we get 3(a? + y?) = 40/25 +22 + y? 
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That is (22 +4? +25) — Apala? + y® + 25 = 25 

(a® + y? + 25) — 42(~® % y? + 25)? + 45° = 490 4 235 = B25 
fa? + y® + 25 — AP = $ BB wr, fa? + YP ¥ 25 = 15 or - $5 
squaring, we have x? + y? + 25 = 225 or 9 .°. taking the former 
value, x2 + y? = 200 (am), but by (1) 2vy = 160+ 2(u + y) (Iv). 
Adding (1v) and (1m), we have x? + 2ry +y? = 360+ 2(@+ 9). 
Hence (x + y)2— 2(@ + y) = 360. (a ty)? - 2(@e@+y)t+1 = 361; 
(©+y)-1=419,2+y = 20 or — 18 .*. again taking the 
former value, x + y = 20, and hence xy = 80 + 20 = 100 


x? + Qay + y? = 400 
ere 2=Yy..2e= 20, ande=10=y 


Ary = 400 
2_—2ay+y?= 0 
% eae .. the base is a square whose side is 10 ft. 
2. B= Y= 


23. Let x = distance B has travelled when he meets A, then 
xz + 15 ="distance 4 has travelled; Also since .2 has yet to 
travel x miles, and accomplishes it in 2 hours, his rate of 
z+15 227%+30 

Zin) woe 
CEOs 2a sa 3O 
feo) See 

9x 
“Jn +30 ~ lz + 30! 

22430 9x ? 
*. > = a7 4 go that is x? - 24% =180; whence 2 = 30 = rate 
22+30 90 

ea ry 
= 10 miles per hour. .4’s rate = o = 15 miles per hour. 


x 
travelling is ey miles per hour; also B’s rate is 


Then time 4 travels before they meet = 


time B travels before they meet = 


Hence distance=x2+2+15= 5 miles. B's rate = 


24, Let x and zy be the two numbers, the latter being 
the greater; then 2°y = x°y? — x*, whence y? — y = 1, and 
y=2(14 75). Also wy? +2? = a8y8— a8 sy? 4 1 = ays Cis 
ye+1 3(S4V5)+1 3644/5) 45/541) 


Vente Sohal GE >a LEW ENEO LeWeree ae 
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25. Let « and y = hours required by Bacchus and Silenus 
respectively ; then Bacchus would drink = of it in 1 hour, 
hence in y hours he would drink “ths of it, and in 3y hours 
Bacchus would drink “Yns of the cask full ... 1 - = = part 
drunk by Silenus, and since he drinks > of the cask in 1 hour, 
the time he required to drink part remaining, was € _ ae 
zY@ Had both drunk together, Bacchus would only have 


24 : 
consumed } ( - =| =j]- +, and Silenus would have taken 


A+ 4, hence when drinking together, time taken by Bacchus 

ce art sae on Ata ct be Silents 

was ade + = 7 7g? and the time taken y Silenus 

y ees Vay Ee. LMA i a Be, ig 

was (G+) + =o + gsi beng FTE C0 
2y 2y? : Shade 

Also = + ~ 3, ) = time taken when drinking separately 
% y 2 2 

pia <5 + 2 (m). From (1) 3x7 — 5yx = 2y?. From (1) 

by «= by By? 2? 

ie Ai See ee pas i ee BE i ESS 

l2xy - 4y 3a? + 12” (a) x gt +36 oft bats 

49y? by ly _ lay ise d 

Bgeti ee a Hence x = a 2y; substituting this 


value of x in (a1), we have 24y? — 4y? = 3(2y)? + 12(2y), that 
is 24y? — 4y?.= 12y? + 24y .*, By? -.24y=0; y? = By; y = 3, 


whence & = 6 
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Exercise LVI. 


a ¢ ab ee a 
1 et yee Pe 3 its 
5 UAH (a-by a’—ab+b? (a—b) (at b)(a—b)*(a? - ab +b?) 
3 a? +68 * a, ONG= ba a(at+b)(a? —ab+b?)(a—b)$ 


Saar ay, 


(2@-5)\(@+3) (@+2)(2-1)) (c+ T)(#+5) 2t+T 
"(2-6)(@ +2) * (@+3)(E45) * (@-1l)(@t1 atl 
=@+T73 241 


4, — 2 ee according as a* + a°b + ab’ + b4 2 at 
+ 2a7b? + bt; or as a%b + ab Z 2a°b?; or as a? + b? 2 2ab ; 
but a? + 6? is greater than 2ab (Algebra Art. 134, Note 2) 

a + 0% a? + 6? 

ab? > ate 

Bret Ue ahs (x +y)* 

Pie ies ye <— aa ay + ary? — rp + y® 


according as 


ce 


x® — wry + 2xty? — 2x5y8 + 2x2y* — xy? + y6 Z uo + 4xoy + Baty? 
— 5a®yt— day’ —y%; or as Tx*y* + 32y? + 2y° 2 5x oy + 2a5y3 + Zxty?; 
or ag Tx®y? + 3ay* + 2y? ] 5a 4+ 2x%y?+ Baty; or as 
y(Ta? + 3xy + 2y?) 2 xi(bx® + Say + 2y?) 
Now since 24/5 > y/7, cubing we have 52° > 7y8 .. a8 > 98 
*. PBry + 2y?) < a3(3ry + 2y?); also Ta? y® < 5ad ++ Ty < 5x8 
(ia? + 8xy + 2y*) < 28(5a2 + 3ay + 2y?) 

_atty? (e+y)t 

ee ria xt — xy + x?y? — xy8 + yt 


6. Let = the quantity to be subtracted from each term; 


a-2x Cc 


A tae 
=; ».ad—dx=be-cx:. cr -—dz=bc—ad ., x= L238 
bea d ’ 


c~aq 


then 
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7. Let x = the quantity to be added to each term; then 


m+ x 
neg hb Whencem+x=n+2; 2-z=m-n; x(1-1)=m—-n; 
m— n m—n 

mo her oe OF ee 
pa bys fat at Pi (ab) rats B8 
°-(@nib).™ Gat) * Gap way” (EO? “a+ bf 
(a+b)  a®-b2 b b 

= ee 


dab) bts GO, ha + 

hes ~ (ate)? a? + 2ac+c? 
9. Since @: ¢ :: ¢: b, c=ab; then ze32 = 5 abode? 
a? +2aVab+ab a(a+ fab +b) 


b2 + 2b/ab + ab b(b + fab +a) 


sd b 
Fp ees 


a? -b? ~a-b 

0. Soa eo 
a*> +6? Jat+b 

+ ab? — 6°; or ag a?b = ab? z ab? — ab; or as 2a2d 2 2ab? ; 


, according as a? + a?b = ab? — b% Z aS = ab 


= 
orasac b 


Exercisn LVII. 


1. Letz=the quantity to beadded; thena+z:bt+ri:ctaidtexr 
J ad-act+detx =bet+batcata®; axt+dr-bx-—car=be~ad 
be — ad 
OO G-b=ctd 
2. Ifa: b:ie:d; then—-=-5, If it be possible, let « be» 


ae 


quantity added to each, so thata+a:ib+ei:ct+tu:dtx; 
a+x etn h b bead Bue 
bea dpa wnence as a ove Z= ea PE | ut since 


c 0 
gig we have be=ad..be~ad=0 .. Ses Ril arr 0 


oa 
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¢€ Tie athe 


a Ce ee Pp 
B.S ss he = ase : 


Re PE INP ve 

also apie ta 2q Multiplying 
ma? c? 

equals by equals o753 = aL then Algebra Art. 106 


maz — 2nb2 pc? — 2qd? 
ma? + 2nb2 ~ pe? + 2qd® 
+ 2nb?: pe? + 2qd? 


maz = 2nb®:pce? ~ 2qd?:: ma? 


24 
4, Let x = one number, then aR = other 


(=) ( =) 

And 2- {| — : = Pos 19 so1 

x x 
1728 24\ 3 

= 199 23 — 722 + — —- | — 
xr x 


32832 24\8 
= 1923 — 13682 + — 19) — 


aa 

far) 

B 

fe} 

oO 

GE 3 

J ] 
PR 
ele els 
We NSS 
o o 

| I 


x 


= — z 
1824 24\8 24 
IS - 162; ox(=) ~#=16(2- ) 
x x ‘\ a 


aie 24 24\ 2 
Dividing each side by = 7% Wehave (>) + 24+27= 16, 


= 
co 
Cafes 
rs 
Se 
a 
J 
pan 
(or) 
8 
a 
! 
) 
bp 
(es) 
© 
Bb 
! 
_ 
ow 
a 
co 


—™~ 
al 
ee 
CH 

| 


that is qe te = 52; 2*- 522?=-— 576; 2*— 52x +(26)* = 100; 
w?=26+10=360rl16 «. ©=+6or+4, and the numbers are 
+6 and +4 

5. Let 2 = one part, then 20 ~ x = other part; then 
£220 -0¢:: 921... # = 180-92; orv=18, and 20—-2=2 
Let y be the mean proportional between these ; 
then 18: yi: y:2; ory? =36..y=6 


Cr mes a era a> ct+e oH Patna 
6. eS 575. S180 oS en Gea eee 
Moa ee day ee eee Oo “UR 


o, dx +ay = cy + xy, or dz = cy 
t. Dividing the equation by (a@+b-=c -—d)(a-—b-—c +d), 


@tb+e+d a-bt+ce-d 


we ays See Sees oe ee: Then Art. 106, we have 
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2a+2b %a- 26 a+b ct+d ae ie 

Qep id * 2enaq~ Att 106, 5 BOB od OG oF = 99 3 
a c 

ar agro ee oe 


ae Let « and y = the numbers; thenz+y:si:a—y:diixy:p 


“. p(@ +y) = sxy, and p(x = y) = daxy ape ap an ; ee ae 
a a teases baat ee 
py tw 6 By addition Galle? WRCECS We) aa 
d 1 l & 2 s-—d 2p 
Saas ai By subtraction —- = aay whence % = 


9. Let x = speed in yards of faster train per second, and 
y = speed of slower; then in 2” the former passes over 2a, and 
the latter 2y yards, consequently 2x + 2y = length of the faster 
train; also 36z—-30y= length of faster train, .-. 30% -—30y= 2x + 2y, 
or 28x = 32y, or Tx = 8y, «.2:y:18:7 


10. Let 2 =.A’s money, and y= B’s; thenx+150:y—50::3:2, 
whence 24 + 300 = is — 150; or 2x — 3y = — 450 (7). Also 
a — 50: y + 100 3:3 5: 9, whence 9x — 450 = 5y + 500; or 
9x — 5y = 950 (it). pate ea (i) by 9, and (a1) by 2, we have 
18x — 27y = = 4050 (am) 
18x -—10y= 1900 (1v) 
whence y = $350 = B’s stock; 22 — 3y = 2x — 1050 = — 4650, 
whence 2” = 600, and x = $300 = .4’s stock. 


Subtracting (1) from (iv) 17y = 5956, 


11. b = Waé .*. 62 = ac; 207= 2ac; b7= ac — b? .*. adding 
a? + c? to each, a? + 07+ c? = a? + 2ac + c?~ 07; or a? + b+ Cc? 
CREED) 

at + 6% + ¢4 
1 at+c~b a+c+b a-bt+e 

Tarkett bh a+ b+ ct? F (ate+ bj? a+ bt c 

atbte;: (atbtec) ii a=bte: at+b3 40? 


=(a+c)-b?=(at+c-b)ate+d).. 
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12.a:¢:: @: ¢,.*. multiplying each term of the latter ratio 
by a—c, we have a: :: a(a@—c) : c(a=c) 
wate: aa-ve)(atye) : ca-ve)(at Ve) 
wales fafa-Veyafat Joa : fea - Yey(Wa + Ve)ve 
aie it (a—Vae\(at Vac) : (face—c)(fac+c); but Jac = bd 
*.@:¢::(a—b)(a + b):(b —c)(b + c) since by hypothesis «ac = b 

13. Let a= the number; thenz+3:2+8 i: 2+8:a2+ 17 
wt. (@ + 8)(u + 1%) = (w+ 8)%, that is z2 + 207+51=02 + 16x +64; 
or 44 = 18». r= 34 

14. Let Dand d= diameters of a sovereign and shilling res- 
pectively, and ¢ and T = thickness of a sovereign and shilling 
respectively ; then md = nD, and pt = qT, and since cireles are 
to one another as the squares of their diameters, we have 
quantity of metal in sovereign : quantity of metal in shilling 
it D2 Std Ore: Sa aie 
: ; in ny 9 


D m 
But md=anD> Ded ms Re ie 


“Seng similarly 


5) > 


. quantity of gold in sov. : quan. silver in ghil. :: oes ? 

But a sovereign = 20s., .*. quantity of gold in bulk equal to a 
: : aie ah  ,, 209 | m? 

shil. : quantity of silver in a shil. :; —: yer or: : 20n2q : m2p 


Garuc -42 “42a + 42¢ 
Ps ame a multiplying both by — Ty? we have —— iis “iid 


‘AQa+11ib  -42c+ 114d ala 

1140 = —jiig oF multiplying by 117 

‘A2a+114b -42c+114d i eS ig ee ane ee 
d ; d @; also F = > +. ee = BG Bo 


Ac — 5d 4a — 5b eee eee 
Sapp Oli pears —,— Q1. Dividing () by GD, we have 


*, Art. 106, 


A2at LLY) b “A2c+114d d __ A2a+ 1116 

b (deeb ey diay aaa Po eaeeae 
‘42a+11id 
“de = be 
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2 2 3 

Ieee ibs 20 cone 1d, 06 =e andiod = 62s. eee eee 
b jac Va 

(a+6)(¢-d) = (a+ fae)(c- HE) - Haifa + ye) (Yu - One 
Cc Ge ce Tales ia am a Ra 

Ges BES bo Gy and Saupe Wi 


Exercise LVIII. 


1. ma? +ny oc cx? — dy .. ma? + ny = p(cu® — dy) = per? — pdy 
“. pex® — mx? = ny + pdy; that is x*(pe = m) = (n + pd)y 


: ‘a (te pd n+ p 
awe = eae v= (Vee) But since n, p, m, d 


gd 
and ¢ are all constant, J Fer) is constant .°. x oc /y 


m 


oo 
< 


2.%=my; T=3m..m=2..2= 
m m 
Pate iver then 1 = p + —~ (1), and 2 = p + m (11) 
Subtracting (1) from (11), 1= 3m ..m= $3, andpt+m=p+3=2 
3 
Sato =atdordtio=t 


4. 2? =m; 4=64m .m=qe; 2? = Why. a = dyy 
5. 2 =m + ny .. 2 = m + 6n (1), and 3 = m — 9n (11) 


p=f 0. c= p+—=) + 


s 
f cis 


Subtracting (1) from (1), we have 1 = — Ibn .. n = — 4 
m—%=2.0.m=2+-=12. Thenx-ney=m; «(1—ny)=m 
m, ee oe 12 36 
CE yl a =a 
“a l- ny 1-(-7hy) ~ b+y ibty 
15 


6. y= m+ nz + px? ; then 0 =m + 3n + 9p (1) 
~12= m+ 5n + 25p (11), and — 32 = m+ Tn + 49p (111) 
Subtracting (1) from (11), we gét — 12 = 2n + 16p (1v) 

mM (1) from (un), “ + —32=4n+40p (y¥) 


lay 
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Dividing (iv) by 2, and (v) by 4, we have-6=2+ 8p (v1) 
-— = 8=+10p (vm) 

Subtracting (v1) from (vu), we have - 2 = 2p .. p ar is 

Gan 8s. N=2; O=M4HB-9..mM=3 4. Y=St 2-2? 


n n n 
1 y=ma? + 5 then 7 = 25m + r% (); 5 = 8lm + > (11) 


: ; 25n on 
Dividing (1) by 5, and (1) by 9, we have § = one *: rT (111), 
604m, 
45° 
n bx* "9945 


“Ma aig 0. N= 35—-125m= 32384; then y=ma? EPH GG Magy 


hd 1 

8. y = mb? + mx? ., - = mb? + ma? — mb? = ma*_.-, yam 
O25 a? ae 
eh ei cp 


81m n 2 
and 1 = “Bf ag (iv). Subtracting (a) from (1v) ei 


9.z-x-y=m,and (a+ y + 2)(x - y — 2) = nyz; that is 

fx + (y +2)}{e —(y + 2)} or 2? -(y+2)? = nyz. Adding 4yz to 

each side, x? - (y - 2)? = (n+ 4)yz; that is (@-—y + z)(x+y-2) 

=(n+4)yz; bubs-xe-y=m.s.uty-2=-mM..—-mM(e-yt2) 
n+4 


=(n+4)yz0.0-ytoe— m Yer EYEE YZ 


10. Let x? = number of cars attached, then decrease of speed 
oc x*, and is .. = ma?; then 24 — mx = speed of train, 
. 20 = 24—- 2m. Im = 4, or m= 2; then 24 - 2x? = speed when 
x? waggons are attached. Now if speed is reduced to 0, we 
have 24-22? =0 .*.2=12, and .. 22 = 144 = number of cars 
required to completely stop. the train, .. greatest number it can 
move = 143 
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Exercise LIX. 


a. AVC AED 
1, Sy1 = {126 + (31 = 1)2}3) = —j— x 31 = 2883 
nm 124+ 2n 
S,= {126+ (m=1)2}5-= (126+ an = 2) = —— xn =n(62 +2) 


2. Soo = {— 400 + (22 — 1) x 12}22 = ( - 400 + 252)11 = — 1628 
_ 400+ 12n-12) 
2 
3. S17 = {44+ QT- 13} = (4424) = 238 


2m + p 
P= {$+ Qm +p} ; 


n 
={- 400 + (v= 1) x 12}5 x n= n(6n — 206) 


2m + 

Somsy = {4+ (Qm + p - 1)3}-4— 3 
= 4(am + p) + §(2m + p)? 

4, Sy y= (4+ (11-1) x— 3} =(4 = 99) =- i x Ut co == 295 
5, 1Th=24+(17-1)8=24+16x3=2+4 48 = 50 
2sth=24+(28=1)822+27x3=24+81=83 
nth =2+4(m—1)8=2+3n-3=3n-1 

6. 17h=34+(1T-1)x-5=34+16x-5=3-80=-77 
g9th=3+(28—1)x-5=3427x-5 =3- 135 =—- 132 
nth=3+(n-1)x-5=3-5n+5=8-5n 

7 1722+ (7-1 =$+16x h=§ + 80 = 195 = 133, 


ui 
28th = 234+(28-1)$=$+27x$=§4+194= 211) 
nih = 24 + (n= P= $4 In F=h—F 4m a EH In= AH) 
33 - 3 
8. d= ner ea 50 = 71; hence series = 3+ 10} +18 +25} +33 
-66-9 7 
9. d=—374 =-15=—15; hence series = 9 — 6 — 21 - 36 
- 51-66 : 
100-(-1 100 +1 
10. d= laa apd =191= 128; hence series =—1 


Daun ia wae 
+118 +24} +362 + 49} + 623 + 744 +973 + 100 
Ll. Sy = {2+ (73 —1)1}%8 = (2 + 72)28 = 37 x 73 = 2701 
12, n term = 14 (n™1)2=14+2n=2=2n=1 
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t t t 
14. S, = {20+ (f- 1)2g> = (24+ 2at - 2a) = Qatx or ies ai? 


15. 20th term = a+ (20 —1)2a=a4+ 19x 2a=a+ 38a = 394 
ith term = a+ (¢ - 1)2a =a + 2at — 2a = 2at -a=a(2t — 1) 
16. Let x—3y,x—y, x+y, x + 3y represent the numbers 
Then (x — 3y)? + (a + 3y)? = 2x? + 18y? = 200 
(2- y)? + (at y)? = 202+ Ay? = 136 
~. 16y2= 64 
Hence y?=4o0ry = +2 .°. 22? = 136 — 2y? = 136 — 8 = 128; 
or x? = 64; orvw=48.*. the series is + 144104642 
17. Let x - 3y, x — y, x+y, 2+ 3y represent the numbers; 
then (@ — 3y)(e - y)(@ + y)(@ + 3y) = (@? — 9y?)(@? = y”) 
= (a* — 36)(w? — 4)* ; 2*- 40x? + 144= 1680, or x*— 40x? = 1536; 
z+ — 40x? + 400 = 1936 .. wv? -20 = 444 .. 2? = + 64, or — 24 
Rejecting the latter value, we have x? = 64, or x = + 8; hence . 
the series is + 144104642 
18. Letx—-2y, x-y, x, x+y, x + 2y represent the numbers, 
thene—-2yt+e—-ytut+eoryt et dy = 62 = 25 =. 2 = 5b 
(© - 2y)\(@ — ye + y\@ + Aye = @? — 4y®)\@? = ya 
= 5(25 — 4y?)(25 — y®) = 5(4y* — 125y? + 625) = 945, or 
dy*— 125y2 = — 436; yt — 198y?+ (198)? = 8P49 » y? 1g = 498 
whence, y2=4 and y=+42. Hence the series is 1, 3, 5, 7, 9 or 
9, 7, 5, 3,1 “i 
19. S= (w+1)-> = (60 + 1)%0 = 61 x 30 = 1830, i.e. since the © 


principal on interest is $60 the first day, and only $1 the 60th day, 
the whole interest is equivalent to that of $1830 for 1 day. Interest 
of $60 for 360 days = $3°60, or of $1 for 360 days = $0-06, or of 
$1 for 1 day = 585 = eg of a cent; hence the interest of $1 for 


* The common difference is given =4..y = 2. 
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1830 days, i..e. of $1830 for 1 day = 1829 cents, and since this is 


1830 
to be divided into 60 paymeuts, each will be —— 60x60 = 3; of 


a@ cent. 
20. S={2a+(n— 1)d} > = ={2+(n- DIF SrA) = 
21. Let S=12 +22 +32 4.... 22 
Now n® -— (n— 1)® = 3n? - 3n +1 
(2-1)? -(m— 2)? = 8(¢ - 1)? — 302-1) + 1 
(2 — 2)8 — (n - 3)8 = 8(n — 2)? —- 301 — 2) +1 Hence by addition 
n} = *|3(n — 2)? + 3(n — 1)? + 3n?} - {3(n— 2) + 8(2— 1) + 82k +n 
n= 3(12 + 2? + .... n?) —3(1+2+....m) +n 
But by supposition, 1? + 2? + .... n* = 8, and it has been 


UK areal 
shown in question 20, that 1 + 2+ 3 .... n= As —* ua) 
3n(n + 1 
Therefore n° = 3S — ebay 
8n(n + 1 2n3 + 3n(n + 1) — 2n 
Figs Neda i epee ews oedease LB A tal 
2 2 
n(2n?+3n+3—-—2) n(2n?+3n+1) n(n+1)(2n+1) 
38 = —————_——_= = 
ae 2 2 
n(n+1)(Qn+1) n(n+1)(2n+1) 
e 2°3 zi 6 


Fi OlT= {4+ (nm = D9} >; 1034 
= 4n+9n(n — 1); 1034 = 9n?— 5n; 324n?- 180n+25 = 37224 + 25 


= 37249; 18n -5=4193; 187 = 198; n=11 


22, S = {2a + (n- 1d} 


Norr.-—The negative value is inadmissible, 

93.1 $b — a l= Id = 3)— 3d =;96, orl —- d = 324 
1-3d+1-4d+1-5d+1-—6d= 41 — 18d = 86, or 21-9d = 43; 
21-9d = 43, and 21 - 2d = 64... Td=21, and d=3, whence /=35; 


*Nore.—The student must here read » as number, 7 — 1, one less than 
number, &c. Thus taking n = 38, thenn-1=2,n-2—=1; ifm be taken 
as 4, we should haye to take four addends as above. , 
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and inverting the series 35, 32, 29, 26, &c, we have 2, 5, 8, 11, 
14, 17, 20, 23, 26, 29, 32, 35 

24. 1=5, andl—2d = 7 .°. the sixth term or last term but 


5 
one=l-d= a = 6 and the series is found by reversing the 


series 5, 6, 7, 8, 9, 10, 11 


n n 
25. S=bn4en®= (b+cn)n= (2b + 2en)> = (2b + 2e + 2cn— 20) 


n D 
={2b+e)+™m-— 1)2¢h5- But by formula S = {2a+ (n—- do 


’ whence it is evident that a, the first term of the series = b +c; 
d, the common difference = 2c. Then the /® term = a+ (f-—1)d 
=b+ce+(é-1)2c=b-—ct 2ct . 

26. The (m—7)'h term =a+(m—n=1)d; 
the (m+n)th term = a+(n+n-—1)d .-. the sum of the two 
terms = 24 + (2m —2)d = 2{4 + (m — 1)d}. Also the mh term 
=a+(m-—1)d. Therefore, &c. 


m=n 


27. (p+q)™ term=a+(p+q—1l)d=m 
2. 2gd=m=n..d= 
(p-@"™ term=at+(p-g-l)d=n 2q 
Butat+(q-l)dtpd=m..a+(¢g-ld=m-pd=m— px ope 
p 
=m— (m — ogi but @ + (q -— 1d = gq term .-. g term 
p 

hae Cea yp. : 

28. pth term = Bem eere = 12 —-(- 1)} 


=) 4+(p-1)x-4; but pt term =a+ (p — 1)d, whence a = 12 


2) 


aud d = - 3. Thensum of » terms = S = {2a + (n - Dd 


#13 4 as ia ‘ae eo ar a7 n\n 
= {13 + (™m = 1) x iS #18 eae ade (a -a)s 
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29. Letx-y,z and 2+y=the numbers; then(*-y)’+a(a+y) 
=a? —Iry ty +a? + xy = 20%—- cy t+y?= 16, and 27+ (x-y)(4+y) 
=a? 4a%—y? = 207-y*=14, Subtracting the second from the 


2? — 2 
first, 2y?- ay = 2, or x= ee Substituting this for x in the 
‘ 2(2y? — 2)2 
equation 227 — y? ea 14, we have aye we es = y? os 14, 


or Ty* - 20y2=— 8, 196y*— 840y2+ 900 = — 224 + 900 = 6763 
14y?— 30 =+ 26; 14y? = 56 or 4, y7=4 or 7; rejecting this latter 


6 
value we havey=+2. Hencezv= Ste +3, and the three 


+2 
numbers are 1, 3 and 5, or —5,- 8 and-1 

30. Let x - 3y,2-y,r+y and x + 3y represent the numbers ; 
then ¢ -3y+e-ytu+yt+ ant 3y= 40 = 20 2 =5; 

1 1 el ealas 428 — 202ry? 

Bo 3y ray 29 + By at — 1l0a’y? + Syt B 
1. 25(625 — 250y* + Sy*) = 24(500 — 100y?) ; or 9yt— 154y?= — 145; 
324y% — 55447? + 23716 = — 5220 + 23716 = 18496 .-. 18y?- 154 
=4136; 18y?= 290 or 18 .*. y2= 1 or 14%, and y=+1lor+4y145 
Rejecting the latter value, we have 543,571,541] and543; 
that is 2, 4, 6 and 8 or 8, 6, 4 and 2 for the series. 


EXERCISE LX, 


1. 6 term = 3x 3% =3 x 243 = 729; 
, 3088-1) 3x (729-1) 
Ge eet 2 

2. gt term = 1x 2% = 1x 256 = 256; 

1(29 - 1) 512-1 


= 1092 


|) ha a aaa Pee | 
3. 1 term = 3 x 26 = 3x 64 =12 = 183; 
4(27 - 1) 


8, = 5 =F x (128 ~ 1) = 36F 
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4. 12th term = 3 x ( = 2)!1 = 3 x — 2048 = — 6144; 
3{(-2)%-1} 3(4096-1) 
as i ju set a = 4095 


y i BL en ign ee 
5. 6 term = 4x (- 9)? = 4 x — a8 = — Ye = — leis; 


4 2)= PS aCe 1) reser ele aa 
ames Sac ke mane Pig FP 
=- 53h sft 


6. 8th term = 30 x (- 4)’ = 30x - pag =- BR HK - 


30{1 -— (3) *} 


Se aap ee ee 
=t ito Le 
thos Gath heey Aare 
3 Se ae 
8. Se Faneak aye een et 
9. 8 ah Se 
VRE SD: La ye 
64 64 64 
10 cae rer reL laherd:  auter a 
tay og Wek Leelee Se eee sy ott es Eee 
Le —_ = % —! 
L— qooo SO is 88 
it 7 
Vs 5 
OR Ses = are Pay F 
1 1 
es . 1b50_ aCe Ge ides eae 
18, Sout Poo le pee eae rises ee 
1L0 100 
39. 32 
T0000 ; T0000 _ 8h: 
14, 8, = Ais + L—shp 2eeot We; = Bio + ooloo = 8832 
1s? 2) Skat 
1b. 8, = 77 = 4G"- 1) 
iC- Oy" - Uy . a{l-C- py 
16. 8, = ape re Viarie ik aaics \Si Goak 9x} 
ry g = 2V29? = 3 _ 282 1) 2 eay/2 62 
Fae Po Ch gmem te ee Var ome yc 


> 62(1 + 2) 
a?{(at)" — 1} * aP(at™—1) git P — gp 


18. 8, = wat aS 
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.. Series = 143+4+38,+38 


= 
<o 
8 
NW 
a 
aT 
! 
i 
ran 
ch 
OQ 
~~ 
ioe 
cRD 


20. 7 = (12422) 5-7 - et = 3 .. series = 2+ 6+ 18 
+ 54 + 162 + 486 + 1458 + 4374 + 13122 oh 
DeSe 
u.r= (4) = (gh)? = 4+. series =9+3+1+444 
22. Let x, xy, xy* and ay represent the four numbers; then 
e+ xy? = x(1 + y?) = 148, and zy + zy® = ry(1 + y*) = 888 
148 888 148 888 
1+ y?= —, and 1 + y?= — .».— = — .. 148y = 888 
% xy az xy 
*.y=6; thenl+y?=1436=37 = . 3a = 148 0. x = 4, 
and the series is 4, 24, 144 and 864 
23. Let 2, zy, zy” and xy® represent the numbers; then 7+ xy 
= 15 (1), and zy? + zy? = ¥°(x + xy) = 60 (a1). Dividing (11) by (1) 
we have y?=4 .. y = + 2, and since x(1 + y) = 15, we have 
x= 1, or +4, =5 or—15; hence the numbers are 5, 10, 20 and 
40, or — 15, 30, — 60 and 120 
24, Let zy, xy and x represent the number of dollars they 
severally had; then ry?= « + 135 (4), and zy” + xy + # = 315 (m1) 


135 
“. zy + 2x = 180 (am). From (1) x = yo and from (1) 


5 180 135 ai 180 3 4 E » 
RS yt2 ye —-l y+2' y-1 y+ 2 4y* — 3y = 10, 
180 80 
whence y = 2 or—4; hence z= id = 190 = 45, or z = 2-4 
= sale = 240; hence the shares were $180, $90 and $45. 
4 


Taking the negative value as above, gives us x — $240, and the shares 
would be $375, — $800 and $246, which implies that the second receives 
$800 less than nothing for his share, or in other words, instead of receiv- 
ing anything he gives $300 to be divided in addition to the $315 among 
the other two. 
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25. Let x = the first number, and y = the common ratio of the 
lst three numbers; then the numbers are z, xy, xy’, vy? + xy, and 
xy? + 2ry j ' 

And xy + ry? + (xy? + xy) + (xy? + 2xy) = 3xy? + 4zy = 40 (1); 
also xy(xy? + 2xy) = x*y®+ 2x%y?= 64 (1). Multiplying @ by 
zy and (11) by 3, and subtracting, we have 227y?= 192 — 40zy 
w. vy? + 20zy = 96; whence zy=4or—24. From (4) zy(3y +4) 

40 
= 40 .. 8y+4= ay = 40 =) 10%, Syi='6, and y 20.2.0 @ = 2h 
hence the numbers are 2, 4, 8, 12 and 16 


26. S=at+(a+b)r+ (a + 2b)r?+...... {a + (n— 1)b}r®" 1 
Sr =ar+(a+b)yr?+...... {a+ (n—2)b}r"- 24 fa+ (mn —1)bb™ 
S-Sr= a+br+br?+br?+...... br”-1 — fa + (a — 1)b}r® 
OF re) 
Ril ea ae — {at (n—1)b}r” 
cies a br(l—7r™-1) fa + (m — 1)d}r™ 
l=? Gimpaen = Li-r 
a—fa+(m—1)br™ br(l-r"-4) 
S = : +a 
=. 7. (1-7) 


27. GQ) @+b?+c?-(a-bt+e)? = a? + b? + c?— (a? + 0? + c7) 
+ 2ab + 2be — 2ac = 2ab + 2he — ac = 2ab + 2be — 2b, (since 
ac = b?) = 2ha+¢- 5). Now (a +c)?— B= 0? + 2ac +c? —B 
= a? + 2b? + c?— b? = a? +b? + c? a positive quantity .°. (a+e)?> 2, 
and ..a+c>b,and ..a@+c-—b is a positive quantity, and*® 
.. 2b(a + ¢ — b) is positive, .», a? + b?+ c?- (a-b+e)?is positive, 
O+U+e>(a-b +c)? 

(1) @+tbtetd?= (a+b) + (c+d)? + 2(a+b)(c+d); but 
be at). bt ¢ ctd (@tbyct+d) (+c)? 
A RD OC OI Pa ei 

bd 
“(at bjectdy= Gb tc= (O40)? bd= 8. (at+b+e+d? 
=(a+b)?+(c+d)? +26 +c)? 
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28. @) (P+ q)" term = ar? +2-1=m 
(p — yg) term = ar?-9-1 =n 
wt. Qay2P-2 = MN, «*. arP-1= almn = pt ‘ees 


1 P 

ayP+4-1 re mrs 1 aN 

2g 24 
1) Also —p-gqq = P42 =— wu r= | — ern ae 
( ) arP-d-1 hi £ 5 ? and 7P aii 


P 

ane + I= Ts 1 n\>q 

2 

=; the,g™ term = a72-l = Bree en - 


29, Let 2, xy and xy? represent the numbers; then x+2y+2xy? 
= 35, and ay aytoe 2: By iP e253, 
or 3y = 29? — 2 .. 2y? — 3y = 2,’whence y = 2 or - } 
Pe ney eye = Ce de = Wea 3b ee Bs ora + ay + wy? 
=2—-—4xe+ 4x = jx = 35 ... 2 = 140 = 463, hence the numbers are 
5, 10 and 20; or 463, — 23} and 113 

30. Leta, ey and xy’ represent the digits; then 100x+ l0ry + ay’ 
= the number, and 2 + zy + zy" = sum of its digits; then 
100x + l0xy + ay? : @ + xy + xy* :: 124 : 7, that is 
100 + 10y + y? 


100 + loy+y27:1l+yt+ yi: 124: 7, whence Lay Ge 
124 sok 99 + 9y 117 ll+y 13 
Se ORT ye ye TT Tan ey ra 


ow. TT + Ty = 134+ 13y + 13y?, or 13y?+ 6y = 64; whence y = 
Also 100a + l0xy + ay? + 594 = 100zy?+ 10ry +2; or 99x ~ 992ry? 
=-— 594; or x -ay?=-6; orr—-4¢ =—6; or-—34=-6,.".x=2, 
hence 100a + 10zy + xy* = 248, the number required. 


Exercises LX. 


1. @) 4.8. = 7, 6, 35 hence d= = 2°. 13;-11, 9, 7, 6, 3; 1, 
-1,-3 inverted, give H.S. -+};, 3';, 4, #, 4,1,-1,-4 

(1) A.S. = 18, 14, 10; hence d=~ 4 .*. 30, 26, 22, 18, 14, 10, 
6, 2,- 2 inverted, give H.8. 35) vey vy nie Tay Vos by 4) 73 
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(11) 4.8. = 2, 4, 6; hence d = 2 and — 4, — 2, 0, 2, 4, 6, 8, 10, 
12 inverted, give H.S.— 4, -—4, oc, 4, 4, 4, 3, ty we 


“] ‘ ae Ae ina i totes HD 1S 
(iv) AS. = 14, fy, 44; hence d = 7 and ii, it ee 14) 14) 
14 


fi 1h, #4, 2% and 44 inverted, give HS. — $$, — 14, -— 2, 14, 
a it : 
15, 17) 28) os and gt 
a Gs 5 > = : 5. Sep WE =e 
(v) 4.S.= 41, $,- 25 hence d = =~ and 33, 72, Site See. 
1 
2 


-1£ and - J inverted, give H.S. = #5, 4, Ps, Py 14,-13,- 


0) ee 
(v1) A.S.=- 2,0,+25; hence d= “ then — 8, — 6, — 4, — 2, 0, | 
2, 4, 6, 8 inverted, give H.S.=-3,-4, -—4, -}, oc, 3, 4, b, 4 
z-4 
2. (1) Insert 3 4. means, between 3 and }. Here d = oe 1 
1 
S16: 
i Ate - zz; hence A. series = 3, a) 32, vay or = 4, 34, ve, 8, 4, 
and .°.. HS. = 2, a 12, z # = 2, Daa 22, 23, 33 1 onal 
(ir) Insert 3 A. means, between } and +. Here d= Ss a 4 | 
ayer 
= 7 = ; hence 4.8. = 44, 13, 2%, +3 and 79, and invert- 
ting these we have H.S. = 5, 535;, 58, 6;4; and 7 ee 
(m1) Insert 3 4. means, between ;/; and 3. Here d = —— . 


= 

8¥5 . . 
= 7 = $3; hence 2. S. = 35, fy, $3) Ys) 34, and inverting these 
we have H.S. = 11, 63, 48, 33 


Esa eas 

22 2 

(iv) Insert 3 4. means, between § and yy. Hered =~; 
— 26; : 

ar Bigg te ?oz; hence A.S. = 7§3, 792, 793, 743, 73% and 

inverting these, we have H.S.= 24 + 2 4 + 2 fA + 2 3384 31 

§-4 


(v) Insert 3 4. means, between } and-8. Hered = = 
ae e 
= ir =- 4%} hence 4.8. = 4, - 3,-4, -13, -18, and inverting 
these, we have H.S. = 6, - 2, “t, fn -2 
3. Corresponding 4.S. = 2, 1, 8. Henced= #2; 5t term of 


AS.=3+(5-1Z=3+ 2 =I8; hence 5% term of H.S. = 38; 


~e 
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11 term of 4.8. = 3% + (11 = 1)2 = % + 89 = 2; hence 11% term 


4 : 3n 3n-1 
of H.S. = £5; nh term of 4.8, = 3 +(n-1)3 = 2 5 9” te tar a 
5 
hence n‘? term of H.S, = =——— 
3n— 1 
4, Of corresponding 4.8. 3%, +75, zy the 6 term = +3; + (6 - 1)q4y 
=3'5 + fs = fy; 10 term = 4% + (10-1)34 = sine ig = 13, and 
eo n / 2+7 ‘ 
mh term = 33; + (n — 1)445 = By ay Goh a ar required 6%, 
10 and n't terms of H.S.=1$; 1,4; and ——5 Foy 


5. Of the corresponding 4,8. 10, 12, 14, the 4 term 
= 10 +(4 — 1)2 = 16, and the 8 term = 10 + (8 — 1)2 = 
.. the 4 and 8th term of the H.S. = 3); and yy 


6. Insert 2.4. means, between} andl. Hered= rae = on =} 


hence 4.8. = 4 + 4 + } + 4, and inverting these, we have 


H.S, = 442 +1441; hence unknown terms are 2 and 1} 
1 
7. Of the corresponding .4.8. @ the 8 term 


1 1 Bloc yw alt eee Hohe ed 
-+0-D(5-a) 4 a aide iivcios bas ae 


ab 1 Wap d 
hence 8th term of H.S. = qa=6b} nth term = Pa (n—-1) Vae a) 


1 bed Picels Aig el vite e Po p he al 
eai(p-a)-eisca htt et et e 
b(2—n) +a(n— 1) . 
ee ee nih term of HLS. = 505 in) 4 a(n - 1) 
Oy 2 
2ab m? ~ n? me — ni? : 
Gi Ee aie = memes ee Te 
min?’ m—-n me 


9. AM. = }(a+b)=4(44+9) =P = 63; GM. = Yab= 4x9 


— 2ab 2x4xQ 
Po ORME fe Ea a 
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10. A.M. = 4(6 +44) = 43 of 0h = Sty; GM = 6x 46 = 25 


ll. atet:a—bib-c. ab —ac = ue be, 2ae= ab + be=b(a+e) | 


2 Qac \2 : Qac\2 | 
wi 3 at = 2 ) ri Pa Dba ae a2( ) 


ute ate are] e 
2ac \? 4ac 
= ot 200+ et 200~2( 7) = (@- oF + 20e)1 ~ Gay 
(a-c¢)? E 5 ee 
= (a@—c)? + 2ac (a+ oT =a positive quantity if a and c have 


like signs .-. a7 +c? > 20? 


12. b=4(a4+0), and mb = Jac; substituting the value of 3, 
m seed Suan? 
we have =-(4+¢)= fac. (at c= ac .. ma + c)* = Aac, 


but a+c= 2b 


4ac 
and dividing each by a+ ¢ we get m?(a+c) = awry 


«. 2bm?= 


ac 2ac 
2 24 
igen bm ae ; hence Art. 261, bm? is the H.M. 


between a and c .*. u, bm? and ¢ are in H. Prog, 


13. Let a, band ¢ be any three quantities in H. Prog., and 
let x be the quantity which, when subtracted from each, leaves 
remainders in G.P.; then (a — x)(¢ — x) = (6 - 2), that is 
ac — cx —'az + t= 02 - 2be + zw , Abe ~ cH — ax = b? - ac 


b? — ac 


"© = app qi but since a, b and c are in ELP., 


a:c:i:a@—b:b-c .. ab — ac = ac — be; ab = 2ac —‘de 


ab 
SL agaey Rea Substitute this for c in the above value of B, 
Abana a’b 2aub? — b8 — a2h 
a ‘ 2a —-b 2a—b 
= GEE OE 
eee ae ie oh ab 4ab — 27 — 262 + ab — ab 
*y fh Bae 2a = b 


2ab? — b3— a2 _ bab - bea) 
4ub — 262 — 2a = 2(2ab = a = a) ~ = o = } of middle term. 


r= 
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14, A.M. = }(a +b), and G.M. = 4/ab . }(@ +0) + fab = 16) 
and 3(¢ + 6) — ab = 4 (m1). From (1) @ + 2ab + db = 32 
o Vat fb =4+ 4/2. From (m) ¢-2Vab+b=8 «.a-Vb = +4 Ww? 
. 2/4 = + 62, whence a= 18; and 2/b = 4 24/2, whence 6 = 2 


; 2ab ; 4b 
15. A.M. = }(a+ 0), and H.M. = cme 472+ 5) =18 x aah 


+6 
645 be * 
= i400" 28 + 140 + 146 + 7b? = 1280 .-. v — 1005 = - 28, or 
a it 2500 ~ 196 
b2- 1909-4; b#- 1905 42490 7 = gga «5 — Bp 
=4+45 -.b = 14 or 
Siar j 2ab 2ab 


16. @+ 6 = 30, and 75 = 133 .. 300 7 13} .*. 2ab = 400; 
a+ 2ab + b?= 900, and 4ab = 800 .-. a?— 24+ b2=100, ora—b=+10; 
@+6=30, anda—b=+410 .. 2a = 40, or 20; a = 20 or 10; 
2b = 20 or 40 .*. b= 10 or 20 .:. the numbers are 20 and 10 

17. a—b = 163, and ab = 9, since the G.M. between the A. 
and H.M. of a and 6 = G.M. between a and 6, (see Art. 261) 
Then a?— 2ab + b? = 4225, and ab ='81 .. 4ab = 324; 'a?+ 2ab + 0? 
= 1225 4+ 324= 9409 . @tb=47. Hencea—b = %) anda+b 
= 2% +, 2a= 8 a= 81 = 203; 2b= 92 =8..b 54 


Exerciss LXII. 


1. Vg = 1:2'3'4:5°6 = 720 
2. (1) Vy = 87-65 = 1680; (11) Vg = 8765-43 = 20160; 
V, = 1:2°3'4'5°6"78 = 40320 
3. We are to find the permutations of 13 letters of which 5 are 
as, 4 are b's, and 3 are c’s 
|n 1:23'4-5°6*18°9°10°11°12°13 


Then N= Tig Teerextaedxras ~ 260860 
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4. Vi,= 1°2°3°4-5-6°7-8'9'10°11'12 = whole number of changes | 


1:2°3-4:5-6°7-8°9°10°11°12 
16°60°10 
= 136 years 222 days. 

5. Vz = n(n —1)(n — 2)(n — 3)(n - 4), and V; = n(n—- 1) — 2) 
Then n(n — 1)(m ~ 2)(m ~ 3)(m — 4) = 6 x n(n — 1)(m — 2) 
“, (v— 3)(n ~ 4) = 6; that is n?- In = - 6, whence n = 6 

6. Vyo = 1:2°3°4:5°6°7-8:9°10 = whole number of days 
wr. 1°2°3'4:5'6'8'9°10 = 518400 = number of weeks he had to 
board them, and since board is worth $5 per week for one pers 
son, it is worth $50 per week for 10. Hence total value of 
board = $50 x 518400 = $25920000; and $25920000 — $5000 


= 49896 = number of days required 


= $25915000 = loss when the $5000 is not paid till the expira~ | 


tion of the term of the board. And amount of $5000 at 6 per cent. 
3628800 ; 


for 305} years, i.e. for 9935:112 years = 5000(1 + rt) | 


=" 5000() ‘++ 596°112) = 5000 x 597-112 = $2985533-60. . 
Hence his loss when the $5000 is paid at once, and put out 


at interest until the expiration of the term = $25920000 
— $2985533°60 = $22934466:40 

7. Va = 1571413 **+9*(15 —2 + 2)(15 —n + 1) 
and V;,_y = 15:14:13+++++{15 -(m—1) + 1}; then 
151413 ++++(15 — m+ 2)(15 —m+1)= 15:14:13 +++ (15-042) x10 
., cancelling same factors of both sides, we have 15-n+1=10 
“.2=6 

8. (1) Permutations of 14 letters whereof 2 are o’s, 3 are n’s, 
eee [2 __1+2*B-45-6-7-8-9°10-11-12513-14 


|p |g |r 12 x 1-23 x 1-2 : 
= 3632428800 


(1) Permutations of 12 letters whereof 5 are ?’s 


Im 1:2°8-4-5-6-7-8-9-10#11-19 


fx, tx, Lxtt1.] ALGEBRA. 129 


_ (1) Permutations of 8 letters whereof 4 are o’s 
|t 1-2-3-4°5-6 78 


Ties 2 ema wr ake 
(iv) Permutations of 13 letters whereof 3 are o’s and 3 are 1n’s 
|n 1°2*3-4:5°6"7-8-9°10°11°12°13 i 
Saari ase = 172972800 


9. (3) Permutations of 7 letters of which 2 are a’s 
[1 +2-3+4+5-6-7 


(a) Permutations of 13 letters whereof 2 are o’s, 2 are n’s, 
[@ ——-4-2+8 4:5-6-7-8-9°10:11°12-13 


and 2 are ?s = ip lar Sr VERA ae eee 778377600 
(am) Permutations of 7 letters whereof 2 are #’s and 3 are o’s 
|n 1:2°3-4:5-6°7 


36 i ie ea ae Ee 


0, 8(2-2) (8-2) B(B oa) (Bas) as 
Edible 2 Wee) 3 ‘- f 
5n — 2\ /5n — 4 290n /2n — 3\ /2n - 6 

eter rrr) Ca) 
or (5n — 2)(5n — 4) = 282(2n = 3)(2n— 6); or 135(25n? — 30n + 8) 
= 2320(2n? - 9n +9); or 253n? — 3366n = — 3960, whence n = 12 


Exercise LXIII. 


10°9°8 10°9°8:7°6 
LRT 6) ON Or [23 7 120; @) €; = T9r3a45 7 252 5 
10°9 
(111) C; = Cy = eee = 45 


15°14°13°12°11 
2. Q) C; oa 1°2°3°4°5 
* 15-14°13°12:11-°10°9 
@) C= —Texener > S883 
151413 _ 


= 3003; 


Veen 
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12°11°10'9°8 
b= asa lane 

4. Whole number of combinations of 2n things, 1, 2, 3, 4, 
&., ... 2n together = 27"-1; similarly the whole number of 
combinations of 7 things, 1, 2, 3, 4, &., .. n together = 2”—1. 
227 1 qn — 1 
gray = 513; or since oP 
= 2"-+1, we have 2%+1= 513 .*, 2"= 512, and .*. by inspection 

n=8 


Then 27" — 1 = (2"—- 1) x 513 .. 


36°35°34:33°32 
SS ae = i i ti 
5. () C; 19-345 439824 = No. of different selections 
(a) Taking away one man from the 36 there remain 35, and 
_ 85:34:32°31 ; 
these combined together, 4 and 4 give a Cy wees 52360 com- 
binations to each of which the reserved man must be attached. 
6. Number of combinations of 21 consonants, 4 together 
21:20°19°18 lek 
= —j.9:94 = 5985; also number of combinations of 5 vowels, 


5°4°3 
3 together = T93 = 10. Hetice there can be formed 5985 x 10 


= 59850 different sets of séven letters, each set containing four 
consonants and three vowels. But each of these 59850 sets 
can be permutated, 1:2°3°4:5°6°7 = 5040 ways, each forming a 
different word .°. the required number of words = 59850 x 5040 
= 301644000. 

7. The different arrangements of 9 of the persons while the 
tenth remains fixed = 9°8'7'6'5-4*3*2-1 = 362880 = whole number 
of different arrangements of the ten persons, so that no one has 
the sdme neighbours in any two cases. But one half of these 
arrangethents will be similar to the other half if the position of 
neighbours on the right and left hand sides be not. regarded 
as making a difference. So that if 4 is said to have the same 
neighbours in the arrangement BAC that he has in the arrange- 
ment CAB, then the correct answer will be 3 of 362880 = 181440 
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n(n —1)(n = 2)(n — 3) | 
1°2°3°4 a 


8. n(n —1)(n—- 2): $6: °1.:. cancel- 
_. n-8 
ling, —q = 1, whence n = 7 


9. n(n—1)(n—2) .... (n=pt1) = 10n(n=1)(n—=2) .... (n—pt2); 
or dividing each by n(m — 1)(n - 2).... (n= p + 2), we get 
nm-pt+1l=10..n-p=9(). Again 
n(n ~1)(n— 2)... (N—p+ 1) nm—1)(n—-2)...(m—p+2) 

|p . |p Seyi oe 
or multiplying each side by |p — 1 we have 


pote 8 hs eae Rl” SAGs sah 3) (n-p+2), 


5:3 


P 
and dividing each side by n(n-1)(n—2)..., (n-—p+ 2), we 
n—-pt+l1 : 
can = 43 or 3n—3p+3= 5p .. 3n— 8p = — 3 (11). 


Now multiplying (@) by 3, and subtracting from (i), we have 
5p = 30 .. p = 6, and similarly n = 15 


10. 1:2°3 «*+: (= 1) = |n—1, or 3|n—1 according as BAC 
and CAB are regarded as different or the same arrangement. 
f ; 10:9°8:7-6 
11. Number of 5 flag signals with 10 flags = Ta345 = 252; 


10°9°8°7 
number of signals with four flags out of 10 = 12347 210; 


10:9°8 ; 10:9 
number with 3 flags= —-5-4= 120; number with 2 flags= —-, = 45 
and number with one flag = 10. Therefore whole number of 


signals = 10 + 45 + 120 + 210 + 252 = 637 


12. There are in all nine coins and they may be combined, 
any number together, to make a sum; then the combinations of 
9 things 1, 2, 3,..... 9 together = 2"~1=29-1=512-1=511 


132 KEY TO {Ex. Lav 
Exercise LXIV. : 
3 34 34:5 3:4:5°6 
SMG te) aca lie zt Tat" 1232 +a 34° 7 &e 
= 1-32 + 647 - 102° + 1524 — &c. 
2 ae 3 2-34 23°45 
2 Glick) a2 = 5: ae" - 123" + 134%" - &e. 
Sette N 
3. (1-22) *=145 7(2a) += Qnty —s 5 (on)8 = = 5 gQaytt fe. 


1:23 
Se liea pewe vane 


5 5-6 
4. (1—}a2)-5=14+ 7G) + geet 


+ &o.= 14+ $2 + 1ia? + S503 4 3524 4 &e. 


5-67 Bes 
19:30”) a 1 


67:8 ute 


Bs (1+32)-2= 1+ (32) += aaa ee ey 
1-2 1-2°3 1-2°3°4 
~ &. = 1 = 6x + 27x? — 108z3 + 40524 -— &e. 
6. (=22)> 2 = 1 $y Qa) +o p.g(22)* + se ace)! 
1 1-2°3 
+ &c. = 1+ 10x + 60x? + 28022 + 112024 + &e. 
Tal + aye 1b al ee oes ae &e 
1 Te” ti93* + Pea : 
= 1+ 42 +1007 + 200° + 3524 + &e. 
rhe 2 OF ie = (4) + me Pee pF eat mee J Caye 
+ see oe (4r)* - &. = 1- 2x — 2x?» 42 — 10x4- &e. 
6 ah Aaib ciay A ia ils Opes OM cc SL yaa 
te) Ste at ey Pasar Trees 
= 1-32 + §a2- 4903 + L924 — Be, 
4 1 
SANG $e ua ie 95 Serra (30)8 


_ DEON) 


oe 
1234625. (3) 


pea plies enna e nn Ag Qt ON 
BL 3x — gat? = ah 502 — revoloat 


4 &e, 


Ex, LXIv.] ALGERRA. 133 


ae 1(- 2)(-5) 
ie % ei Gz)" 


. F 1 
11. (1+ 32)? = 14+ 32) + 
ie ON RN 
it Sea 8) (gx) + he. | 
ait ge Be + effrai—sgetar*t + &e. 

4:9 49°14 4:9°14:19 
p22" *12a3126" * 123-4626" 
+ &e.=1+40+4h327 + Sha? + 39904 + &e. 

13. (a ~ x?) -% = fa(1 — a-12?)}-3 = a-8(1 - a-42) -8 


> 4 
12. a-aé =lt ort 


OO ane 
Thana 07)4 +. &0.} 
a~ Sl + 3a-te3 + Seek + igre Hlba=*2* + &e.t 
a- 3 +4 3a- 42? + 6a- 5x4 + 10a~6e8 + 150-728 + &e. 


14. (a? + x8) “1 = fo?) + a7 2x8) -2 = ao 21 — wo 28) 1 


3'4 3°4°5 
ath +3 (ata?) Lee PACE tiga sige aE 


" 


ul 


3:4 
3-3: goes) + &e.} 
= a-7(1 — a7 748 + @- 478 —a- ne +a 82" — &.) 


= a-2~a7 423 + a-6e6 ~ a- 8x9 + a-I9Zl4 — &e, 


15. (a = at)" = { eis teh ae Ee oi 


1 1:2 1:2°3 12; 
=a 1 -7@ 2:8) +754 2y8)2 rr le 2 ae). = 


certfae Beta) 4 Bets) 4 PEON 
Bo 
eeeelC, ; at)" + &e.} 


ye g 4 
“fy +2074) + 30-103 + 40732 + Ban 2x! + &e.} 


i 


I 


25 2 5 
72420720! + 30-22! + 4a” Bx + Ba-828 + he. 
8 

16. (at - a)3 = {at(1—a-408) }3 = @(1-a 4y8) 3 

ay 3 2(- 1). 2 -1)(~ 4) 
eC: eae ey 

DC - 3 
1:2°3°4°81 

afl — 3a- 423 + fa-Fa8 — Aa-Mz9 — sia 16x — &e.} 


(a-4a)! 


iT 


(a~ *28)* — &e.} 


Wt 


8 zy" 16 28 40 
a) ~ ya 88 — 4a" 346 — fa 329 gira Fa! &e, 


aT 
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1. (8 + es = fa8(1 + a %x~ 2-4 =a "(1 + a-8a7%)-* 


4:5 4:56 i 
z ey ron ay ae Star ae SS ie 
=a~ V1 (a c ) + phe ae > 259 Poa ae 
4:5°6°7 
Sy ey Ni 
3 aaa 2-2)" ~ &e.} 


= a@-12(1 — 4a-8x-? + 10a- Sx- 4 — 200- 9x 6 + 35a- Ma ® — &e.) 


=a-V— 4q-Me-24 10a-Ma-4-— 20a-4x-6 + 85a-%4x- 8 — &e, 
ta a ek ae a} SS 


Bae bk tt 1:4 < 1-4 
1:4°7:10 


N 


+ 93481 gaz) ° by &e.} 
a ok ee a 
= 4 “15 + $(ax)=5 + 3¢ax)”° +1tcar) 9 + $P;(ar) > + &e.} 
ee ae sik af ae 222 58 nye: 
=a@ lo + ta Poe Ft ga Woe o + hte fo Oo + Bho Mao + &, 


2 
3 


IO: (am - x?) : 


Saas 1\-3 
a *m (4 - a-3m 1,? ) 


1 top 
= { @m(1 - a-%m-tyt) } i 


1 


at 2:5 fat 25-8 fat \ 
verte Maa a(t) a 8 (2). 
U2 3 \a2n 1:2°9 \a?m 1:2°3°27 \a2m. 
1 4 
25-811 oa) 
+ iesa81\em/ + &e4 


1 3 
moe ees 2 Be NGO ae no LOM 
Sa lm il ola Fel pare | ae ae mi) t &e- 


4 3 10) 5 <1 & 3 
=a 3m 9 + 34> 3m Bak 4 Ba 3m 3a + 49a 3m aye 


Pm Pa + &e, 

20. (@ + x 8) = fa(l + a-tn~8)18 = wl i: a- ty - 83 

afl - sis) 2 aS er : = ae (a). 
8) (ene cee 4 

oe 


if 
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swine? ole: Siv/aall 8 1 26n fay tl 
" 5 aes * 95 \ a2ae ) * 125 \ a3a9 ) ~ 625 aa) +&e.} 


x-~S + +84 By 9 - ¥fa7 ‘big -12 
21. (@ — bx)? = fal - fe aig =a mirc aritbn) © 3 


ony (2 iss aE (a 1:3°5 ba 1°3°5:7 ie 
2 12 +1338 treaaieVa) t&s 


a4 i ba ba? liigins bios 
a fles( Fe s ie ee oe HBC) 


s a 5 
a7} + fa be + 3a 20%? + Ba beeps a. Esa 2otz4 &e. 


fl 


Exerciss LXV. 


n(n + 1)(n+ 2)08+(nerel) , 
= 


Bs 


1. Gen. term of (1-2)-8 
BABees(2+7r) | 
aad Cbg 
(11) Since general term = the (7 + 1)th term = 6th term ., r= 5 


th 3-4°5°6°7 Pr z 
Hence 6th term = 1og45% = le 


ii 


2. (1) Gen. term of (1+”) *=(- SO ae 


In 
Leo Gs (BET) 
=(=-1)'x i 
(1) Since general term = 6th term = (1+7)th term ... r= 5 
th 5 4:5°6°7-8 5 5 
Hence 6th term = (- 1) X Pa gqigt® = — 56x 
_2 
3. @ General term of (1-2) 
+ + 2 evcececece + met ih 
De bcpe Ee eS = a 
tay 
4 BBB re Ora) | ‘ 
cal ta eam EOE 
(1) Since general term = (7 +1)th term = 6th term .. r=5 
2°5'8-11:14 308 


th =f =» 1) 6 ———— = 
Hence 6th term = ( ~ 1) x Tpgab x 943” ag? 
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4. (1) General term of (1 - x) 
pp - g)(p - 2q)°* fp - rg 
=(-1)’x Irxq x" 
41(-2)+++*(1-37) | 
SSONT Ee SNe, 
|r x 3" 
(1) As before r= 5... 6th term =(-1)*x 


=(-1)X- 789% = ye9%° 


=(-1)"x 
4:1:(-2)(-5)(-8) " 
1:2'3°4°5'243 


5. (1) General term of (1+ 2)? 
{Pot 9) (p+ '8q) 78" Fr Ey 


=(-17 ce 
& po TOR (5 + Br) 
ee Jai , 9-11°13+15 
i 9111315 
= ; ey eam INN pit Reeser eee 8 
_ Gn As before vr = 5 ., 6th term = (- 1)° x fea q5-gQ7 
=. 9009975 
56 
6. (1) General term of (1 +a)78 
= (= PCED VB p+ (r=) gt. 
== a ye ee 
_ S1L14+ 9+ + 87) 
eee Teed B1114:17 
= ‘ . . . “90 
rer=5 .-, 6th Ee? 
et Be 5 .. 6th term = ( — 1)° x 12-34-5243" 
Sea Ome 


7. (a-z) 1 = fal - a-tz)}77 = a-X1a-3x)-2 
ee Senese (n+r—1) 


- a py 


.. (1) Gen. term of (a - x)-t= a7} ir 


1°2°3° CY 
Ir 


(ir) .*. 6th term = a~ §x5 


=a-1x a-"x"=a-learte = a-CtUgr 


8. (@t jx)? = {a1 + ja-1n)}® = a + 7 

(1) «. Gen. terin of (a+ 328 

ak PO=DG=2p ee Eee), 

=o x eT 
|r x g” 2a 
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# BUC 6 ~19)-1 bs Br) 72 
* fh x 6f 7) 
+(6r - TP) j. 
a SC 1OF 
6 6°1°4'9'14 


(m1) .. 6th term (-1)? xa * 1-2:3°4:5'1057 x 


6 
=(-1)’xa x 


6 4 me 
FO Xm s5Gbn0e HW? = —gstiae °.% 
Nt 1)(M+2)ee°"(n+r=1) 


9. (1) Gen. term of (1~2z)-?= pial a 
2:3°4> saab Dy, J WB-4e9 eer (r + I) he {Ts 
acerca lee Pogdisepen sy co GH)? 


(11) Since general term = (r + 1)th term = 5th term .-, 7 = 4 
Hence 5th term = (4 + 1)24a* = 5 x 1624 = 80x4 
10. General term, of (1+ 22) es 
P(P+ Op + 29)°0 fp + - Dg 


= (- Dex (r és ¢ (32”)" 
6°79 <6+(B +27) 272 Sot eee rary) 
=(-1)"x [rxar * 3r =(-1) ve Pe 


+ 
‘ m ‘i 5°7-9-11 
(u) As before r = 4 .*. 5th term = ( = 1)* x 123-4812 


=+1~x 2182" = Be” 


el EY 2 
Ine Cemty™ = {a “11 + we -3)} * = ab (14027?) : 


. (1) General term of (a-2407%) * 
PP + DP + 2g)" "fp + (F - DI (4s te)" 


4 
a x (-1)"x 


Ir xq" 

4 WT 1D (57 3) Ser 

= a x C= 1K ee are 2 
7. ££ 2r 
: QU12+-0r(5r-3) 4g 2 


CD 
(a1) .*. 5th term = ( — 1)* x atthe 8 5 U9 tec 
eta 8 2 3), = jo ta-ale- Dy dseteghe 
. () General term of (a4 pugat) 


1388. KEY TO (ES, LXV, LEVI. | 
Jey eee Oe dehy! | 


ae sehrrEnga er OO 


234ee(r+1l) 4. L2H rx (PL 
i 
grt. = 
= (r+ 1a’ a 2 
13. 719 = 1024 14, 77 = 128 15. 08 =0 16, r?@ = 4096 
17. r is the least Beas equal to or next greater than 


(n+ LW agen =, or (4+ D5 py OF 5x $% or 1; but the first integer 


> fis 4,°. the greatest term of the expansion is the 4th term 
= 32 

18. ris the least integer = or next > (n—~ De ; or(5— Pia 
or 4x1; or 4.°. 7 = 4th term = 5th term = 43 

19. r is the least integer = or next > (a + 1)—— 


ares ae 


3 : 
(20 + ays $3) oF 21x 3; or §8 which is 13 .*. the greatest term 


is the 13 term = 125970 x 2° x 3% _* 
¢ 

20. ris the least integer = or next > (nm ~1);—; or (T~ DF car 

3 ~3 


or 6x 3; or 9.*. the 9th term = 13792583 = the 10th term, 


Exercrss LXVI. 


1. Te<35..2<5 2. 16e-84>108, or l6u>192..e>14 

3. 4a<l2..2<3 4, 4u4+10>2-20; 32 >- 30 “2 >—10 

5. aw + 5ba —5ab>a?; ax - a+ boa - Fab >0; a(x —- a) 
+ bb(@ - a) >0; (@-aj(at 5d) >0-2r-a>0..2>a. 
Also bz — Tax + Tab <b’, ba - b? — Tax + Tab<0, b(@ - b) - 
Ya(a —b) <0, (0 -— Ta)(@—b) CO. e@-b< 0.2 <b 

6. &+15a’+a, according @+1Sa(a4+1); orasa’-a+15a; 
orasa@*?+152a. Now ifa=1,a7+1=2=2x1; butifa>1 
then Art, 134,@7+1>2a,,@+15@ +a, arcording aga S| 
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7. As above 0? +1 > a?+a, if o?+1> 2a; but Art. 124 for 
all values of a, except a=1,#+1>20..¢+1> 0+, when 
disa iat improper fraction. 


b 
8 We as if? + b > 2ab; but 0 + b* > 2ab by Art. 134 


; ¥ 

9, Multiplying each by 12, and reducing, we have Tz + 6 < 6z 
4+12,and 72+6>6c4+10..%7<6,ande>4..02=5 

10. a +b*>2ab, Art. 134; also a’ +c* > 2ac, and b*+ c*> dbo, 
Then by addition 0? + b*+ 0% +c? + b? + c* > 2ab + Qac + Abe; 
that is 20+ 267+ 2c? > 20b + 2ac + 2be.. 07 +b*+ 0? >ab+act+be - 

ll. a> &- (5 — c)*, since (b — c)? ig necessarily positive 
v2 > (a—b+c)(a+b—c), these being the factors of a?-(b-c)* 
similarly b? > (a+b-c)(b+c-a), andc?>(a+c-—b)(b+c-a). 
Multiplying unequals by unequals, ob*c* > (a-b+¢)(a+b-c)* 
(b+c-a); extracting sq. root abe > (a-—b+c)(a+b-c)(b+c-a) 

13. Letb=a+m, andc=a+n, o being the least of the three 
quantities; then ab(a + b) = a(4 + m)(2a +m) = 20? + 8am + am? 

“(4 +c) = O(a + n)(20 +n) = 20° + 30?n + an? 
be(b + c) = (4 + ma + n)(2a + m + N) 
= 2a + 30°(m + n) + a(m + n)*+ mn(m +1) 

~. by addition 

(1) aha + b) + ac(a + c) + beh + c) = 6a? + 6a*%(m + n) 
+ 2a(m* +n”) + 2amn + mn(m + 2) 

(1) Also Gabe = Ga(a + m)(a +n) = 607 + 6a*(m +n) + 6amn; 
subtracting (11) from (1) we have (1) — (14) = 2a(m? — 2mn + 1) 
+ mn(m +n) = 2a(m —n)* + mmm +n); but since by supposition 
a<band <«, it follows that m and n are positive quantities 
. 24(m — nj’ + mn(m +n) is positive .. ab(a + b) + ac(a + c) 
+ be(b + c) — Gabe is a positive quantity ... ab(a +b) + ac(a+c) 
+ be(h +c) > babe 

(1) Also 2(a* + / + c) = 20% + 2(a + m)*? + 2(a + n)? 
= 60? + Gam +n) + Ga(m* + 07) + 2(m*+n*); subtracting (1) from 


| 
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(111) we have (111) = (1) = 4a(m? +n?) - 2amn+ 2(m3+n®) —mn(m+n) 
=4a(m*-2mn+n2) + 8amn—2amn+ 2(m+n)(m2—mn +n?) —(M+n)MN 
= 4a(m - n)? + 6amn + (m + n){2(m? - mn + 0?) — mn} 
= 4a(m — n)? + 6amn + (m + n)§2(m? — 2mn +n?) + mn} 
= 4a(m — n)? + 6amn + (m + n){2(m = n)*? + mn} which as | 
before is a positive quantity -.. a, m, and n are all positive 
o. 2(@ + b3 + c3) = ab(a +b) + ac(at+e) + be(b +e) = a positive | 
quantity .. ab(a +b) + ac(a +c) + bc(b +c) < 2(a8 + 08 + 9) 

12. 3(1 + a + at) - (1 + @ + a?) = 2 — Qa — 202 + 2at 
= 2(1 — a) - 201 -@) = 241 -a)(1-a'). Nowl-aand1-@ | 
have the same sign whether @ > or <1 .-. their product is 
positive. Hence 3(1+ @+at)-(@+t+a+ a®)” = a positive : 
quantity ..(l+a+ a’) < 3(1 + a? + a*) unless a@= 1 | 

14, x?y? — (ac + bd)? = (a? + B)(c? + d?) - (ae + bd)? 
= a?d* — 2abed + b7c2 = (ad — bc)? which is necessarily positive, 
unless ad = bc; but 27y?— (ac + bd)?= {xy + (ac + bd) fry -(ac + bd 
*, {ry + (ac + bd) fry - (ac + bd)} = (ad - bc)? .». zy — (ac + dd) 


(ad — be)? ey i 
= py haes bd = a positive quantity ... zy > ac + bd 
15. Ja — b? + /2ab — b> a, if 20b — B > a - fa? — 8; 


or if 2ab — b? > a?— 2a/a?— 0+ a?— 07; or if 2ab > 20? - 2a — OF; 
orifb >a-a?—0?; or if /@—0? >a-b; or if a?— 0? >02—2ab +07; 
or if 2ab > 2b?; orifa>b 

16. Making the same supposition as in Ex. 13 

@ @t+o+c%= Bat m+n) = 27a + 2am + 2) 

+ 9a(m +n)? + (m + nF 

(i) 2%abe = 2ta(a + m)(a+n) = 2Ta5+ 27a*(m +n) + 2Tamn 

(a) 9(a%+ D8 + c*) = 9fa? + (a+ m)§ + (a+ n)%} = 2703 + 2702(m +72) 
+ 27am? + n*) + 9(m3 + 1%) 
- @ — GD = 9a(m + n)? — 2Tamn + (m + n)8 

= 9a(m +n)? — 36amn + 9amn + (m + 2)3 


= 9a(m — n)? + 9amn + (m +n)? = a positive quantity 
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That is (¢ + 6 + c)®— 2Tabe = a positive quantity 
v(@+ 64+)? > 2tabe 
Again (11) — (1) = 2Ta(m?+ n”) — 9a(m-+n)* + 9(m3 + n*) — (m +n)? 
= 9a{3(m? + n*) — (m +n)? + (m+ n){9(m? — mn +n?) — (m + 2)?} 
= 9a(2m? + 2n? — 2mm) + (m + n)(8m? — Tinn + 8n*) 
= 184a(m* — mn + n*) = 18amn + 18amn + (m+ n){(8m? — 16mn + 8n*) 
+ 9mn} 
= 18a(m — n)? + 18amn + (m + n){8(m = n)? + Imnf 
za positive quantity 
That is 9(a° + 63 + c*) = (a+b +c)? =a positive quantity 
“. (@+6 +6¢)® < 9(@ + b544'c8) 


17. (a+ 6)(b + ¢)(c + a) Z 8abe, according as 
ab + ab? + ac + ac* + bc + be? ze 6abe 
or as (ab? — 2abe + ac*) + b(c? = 2ac + a7) + c(u? = 2ab + 6") 2 0 
or as a(b = c)? + b(c +a)? + c(a~ yee 0 
But a(b — c)? + b(c — a)? + ea = b)? > 0 unless a=6b=c 
“. (2+ b)(b + c)(c + a) > 8abe 
xv*+34¢—71 
a+ 2-7 
that is (m — 1)a7 + 2(m = 17)z.= Tm = 11, whence 


18. Let =m; then 22+340— 71 = ma? +2mz -'m; 


oy aivongea tee Or V8(m — 5)(m = 9}, where if x is to be real, 


m — 5 and m — 9 must both have the same sign: i. e. m must 
be >,9 or <5... the given expression cant have no value between 


9 and 5 


” m—n+) 
19. First aa 


or if 2n?=4n+2>0; orifn?=-2n+1>0; of ifnr?+1 > In; 


1 
> 3 if 8n? = 3n+ 38> nP4n t 1; 


but n7+1is > 2n.-. &d. 
wm—ntl 
ment 
or if 0 < 2n? + 4n +2; or ifO Cn? + 2n4+1; orifO0 << (n+ 1)’; 


Secondly <5, if mn? a n + 1 < Bn? + Bn + 3; 
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but (n + 1)? is necessarily positive .. 0 is< (n+ 1)? .. &. 


ne — bay 
lies between 3 and } 


H n+ 
ence +n tl 


Nore.—If n = 1, the expression = }. 


Exprcise LXVII. 


1—2* 


1. Dae =ltoet+a?+a5+ &e.+:*stonterms=1+1+1+1 


+ &. +++* ton terms =n 
| 


(e©-a)(x?+ar+a?) xsetaxta atatt+a 3a? 3a) 


=-——= | 
/ 


(@-a)(a+a) «ta. ata 2a 
| 
Jord | 
, atl - dy dea lad 
Fn TNs ee BLN HS ik NR ee Yeh 
(2 + a*)(e 7) BERG 2a 


(2+ 1)(2-5) w+ 12 


(eb B\@- 5) abe Be 

, @r@-3)_ 243 _ 33 , 

(Ge DES (estat eee 

P a(x? + b) — a(x? + 6) _ @-a@? tb) © xt d _@t+b 
"a(n-a)+0(a@-a)” (@-aeth) 24 aah 
4 a(x — c)(x — ¢) a 4 ; 
‘bx —¢)(x—¢) Ns 

5 x(a — 2x) a a 
"@—2)(@ = ax sux? +25) ~ Tisai + a Ig ES 


3a x 2a 6a? 3 


~ + a 1208 = Soa® =~ & 
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Exercise LXVIUII. 


is integral 


tea 


fp 
1. Dividing by 3, we haver+yt+-—> =3+ 3 


=? say. Then x= 3t +2; substituting this for z in the given 
equation we have 3y = 11 - 4(3t +2) ..y=1 & 4t; letting t = 0 
we have «= 2 and y= 1. 

2. Divide by 5, and we have x — 2y = 2 ik wy eae Sarat is 
ee integral .°. = = t, whence y = 5¢~ 2. 
Substituting this for y in the given equation, we have 5x = 11 
+ 13(5f — 2) ..%@=13f-3. Hence taking in succession ¢ = 1, 2, 
3, &c., we have x = 10, 23, 36, 49, &c., and y = 3, 8, 13, 18, &c. 


3 a+ 
Integral .*. so also 5 


-1 
3. Divide by 2, and we have «+ 3y += 2943. = 1; 


. 


whence y = 2¢+1. Substituting this for y in the given equation, 
we have 2x =59- 7(2t+ 1)... v= 26— 7, and taking in suc- 
cession ¢ = 0, 1, 2, &c., we have x = 26, 19, 12 or 5, and y = 1, 
3,5, or 7 


4. Dividing by 5, and we have x + 2y + - =B+4 0% =t 


? 
whence y = 5¢ + 1. Substituting this in the given equation 
for y, we have 5z = 26~-11(5t+1); whence x = 3 — 11#, and 
hence when ¢ = 0, we have x= 3 and y=1 

Syo 2 Oe sy 


.5. Divide by 9, and we getz~y- Co oCEEL aC is integral, 
. + 4y . lez OU. 
so also ig 9 integral, .. so also is meg 8 integral, 
a Be yt" ' 
", so also is —)— integral. Let —— = #, then y = 9t - t 


substituting this for y in the given equation, we have 9x 
=2+17(9t - 7) .. = 1% — 13. Now writing in succession 
t=1, 2, 3, &., we have x = 4, 21, 38, 55, &c., and y = 2, 11, 20, 
29, &e. | 
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8y Ll (8y— 12-8} 

6. Divide by 13, and we getx+y+ 75 13 = 6+73-: a 8 

; 40y = DBT ae eae 
integral, .-. ames Fe Begs integral, .. 3y —4 + 13. 18 integral, 


“ya 7 4, whence y= 132 + 3; substituting this for y in the | 


given equation, we have 13% = 89 — 21(13f + 3), whence 
z=2-21t. Now writing ¢ = 0, we have x = 2 and y=3 
by 5 


7. Divide by 12, and we get © — 3y - 77 = - 1 - 75 


By -5 y-1 
E is integral, .-. so also is 
then y = 12+ 13; substituting this in the given equation for y, 
we have a = 41(12f+1)-—1%7, whence x=41¢+2. Now writing 
in succession, 0, 1, 2, &c., for ¢, we have x = 2, 43, 84, 125, &., 
and y= 1, 13, 25,31, &c. 
8. Divide by 37, and we get z +y + 


fa) 
Tees 


4 


integral. Let g 


6y 24 6y-24. 
37 = ey “37 18 
which say=7¢; then y = 371 + 4 


integral, .*. so also is SS 
Then 37x = 357-—43(37t +4), whence x = 5 - 43t; wherefore 
taking f= 0, we have x= 5 andy=4 

9. Divide by 22, and we get zr =y~+>>-=ae. 


22 22° 22 
? . 2ly+6 22y — 2ly -6 
integral, .*. so also is y= >> — integral; that is —— 2 7 


or 


is integral = ¢, say then y = 22+ 6. Hence 22x 


=6+43(22f4+6) .. © = 43f+12. Now writing in succession, 
0,1, 2, &., for t we get x = 12, 55, 98, &c., and y = 6, 28, 50, &e. 


we 4 Bn 5 Aly ann 
10. Divide by 7, and we have # + 3y + s = 25 + ao 2 7 

ty, , me Wistets v st 

is integral, .*. so also is 7 integral, .*. SF t, whence 


ysé+4. Then 7x = 177 - 25(7¢+4), whence x 
Hence taking ¢ = 0, we have x = 11 and y= 4 


lk 


Ss y8iNee whist 
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61 38 6ly+38 
11. Divide by 99, and we get 2 — ~y- se 3+ 30°" — 
Pe _ B05y +190 . 

is integral, .. go also is se res integral, .*. so also is 
8y+ 91, _ 104y +1183 , 

By +1 + —~o9—~ integral, .*. so also is ——~55-——_ integral, 

: By + 94, 100y + 1880 

7”. 80 also is y+ 11 +- 99 integral, .°. so also is rs agen 


A y+98, 
integral, .. so also is y + 18 + —o9 integral, .. y = 99% - 98; 
substituting this in the given equation for y, we have 99x 
= 335 + 160(99¢ — 98), whence x= 160-155. Nowsubstituting 
in succession 1, 2, 3, &c., for t, we have x = 5, 165, 325, 485, 
&c., and y= 1, 100, 199, 298, &c. 3 ix 

12. Divide by 4, and we have 4x — ~y4> = ees =, 


whence x = 4t¢ + 25° then 4y = 17(4t + 2)-22 ». y=1Tt4+3. 

Taking ¢ = 0, 1, 2, 3, &c., we have z = 2, 6, 10, 14, &., and 
y = 3, 20, 37, 54, &. 

13. Multiplying the first equation by 3, and the lower by 4, 

and adding the results, we have 18x + 29y = 123. Divide by 

lly 15 lly-15 

18, and we have + y + rigan 6+ ig <f ie 


Bby — 75 . y-3 
.. $0 also is —jg— integral, . . 80 also is 3y - 4 + —— 18 integ., 


is integral, 


+. y= 18+3. Hence 18% = 123 —-29(18F +3) ». 2 = 2 — 298. 
Now taking f= 0, we have x = 2, and y= 3, and consequently 
za4 

14. Multiplying the upper equation by 11, the lower by 6, 


and adding the results, we get 56x — 49y = 469, or 8x — Ty = 61. 
; x 4 a—4 
Dividing this by 7, we have x - y + “y= 9 tas ma a 
whence x = 7f+4; then Ty = 8(7t + 4) — 67, whence y = 8-5. 
Now taking ¢= 1, 2, 3, &., we have x = 11, 18, 25, &c., and 
y = 3, 11, 19, &c.; butsince z must also be positive and integral, 
K 
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we find upow trial ‘that the only admissible values are x = 11, 
and y = 3, and consequéntly z = 2 
15. Let x = the number of $3 notes, and y = the number of 


2y gL ‘2y-—1 
$5 notes; then 3x Sx + By = 697; org + yt = 232 +>. 


 VUGk Bs = 2 : 
is integral, .. —3— is integral, and .-. also 37 = 4, that is, 


y= 3¢+2; then 32 = 697 -— 5(3t + 2), whence x = 229 — Bt. 
Hence 5¢ < 229, oré< ago; i.e. << 45g .. the given sum can 
be made up of $3 and $5 notes only in 45 different ways. 

16, Let z = the number of 25 cent pieces, and y = the number 
of 10 cent pieces; then 25 + 10y = 2730, or 52 + 2y = 546, 


wont yt == 273..0=2t. Also 2y = 546 -10t.. y= 273-5t. 
Hence 5¢ < 273, ort < 543 .. the given sum may be made up 
ag directed i in 54 different ways. 

17. Let x = the number of guineas paid, and y = the nutaber 


5 
of half-crowns received in change; then 21x — = = 1503, or 


22. - VW gras dey, 
42x - 5y = 301, .°. 8€ -y+ pF 60 +->.*. —=— is integral, 


16% - 8 z-3 


*, so also is 5 = f or x = 5¢ + 3. Also 


5 
By = 42(5t + 3) — 301 = 210¢- 175 ». y= 42¢- 35; and taking 
t=1, we have r= 8, andy=7 

18. Let 2? and 7 be thé two square numbers required, and 
assume 27+ y?= (nx -y)? = n'a? — 2nzy+y?; then 2?= n?x*— 2nzy; 


i an 
ora = nx ~ Iny .. (n2—1)x = 2ny, or x = ar where n and y 


thay be assumed at pleasure, and it will be found that x? + y? ig 
a complete square. 
But if only integral values are required assume in the expres- 


Qny F 3 eee ; 
sion x = oD that y = n?- 1, then x = 2n, where n may be 


Y RAR ard 
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taken = any integral number, and it will be found that 2? + y? 
is a complete square. 


19. Let x* and y? be the two squares required, and assume 
a — y= (e—ny)= x? — 2nzy + n*y*, Then y?= nay ~ ny? 
m+ 1 
hut S 


n and y may be assumed at pleasure, and it will be found that 


or y= 2nz—n*y; or Qng = (n+ 1]y w. w= x y, where 


x*— y? is a complete square. 

But if only integral values are required, assume in the above 
expression y = 22; then x = n?+ 1, where it will be found that 
when 2 is taken = any integral number, «* = y? will be a com- 


plete square. 


20. Assume that the basket contains 2 parcels of 4 with 2 
over, or y parcels of 6 with 2 over. Then 4x +2 = 6y + 2; or 
4x —-6y=0; or 2x—-3y=0; Seti -is Ost Jat; or y = 2¢. 
Also 2% = 3y ..%=3t. Hence taking ¢=1, 2, 3, &c., we have 
x= 3, 6,9, 12, &c., and y = 2, 4, 6, 8, &c. 

But xz and y must be taken such that both 6y +2 and 4% + 2 
are > 90 and < 100... y=16, and 2 = 24, and the number of 

apples = 16y + 2 = 98 ‘ 


21. Let the number = 6 +1=8y+5=102+9 Bs A 

Then 6x — 8y = 4; or 3x — 4y = 2; OF) Bie Bue Say 
~. y= 3t-2, andx=4t-2 

Also 6z2+1=102+9; or 6%-—102=8; or 3x — 5z= 4, but 
w= 4t-2.. 3(46 — 2) —52=4; or 12t-—52=10~. 224 = = 2, 
whence ¢ = 5é/ and z = 12t’/- 2. Then x = 4¢ —- 2 = 20/'- 2; 
y = 3-2 = 15t’ - 2, and z= 12t’= 2, whence taking z’ = 1, we 
have # = 18, y = 13, and z = 10, and .-. the least number divisible 
as required = 6r + 1 = (18x 6)+1=108+1 = 109 
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: wy He Ss A x y 38 
22. Let io and ib be the two fractions, then TO bas 60 
x 1 
or clearing of fractions 32+ 2y=19..2 ge rg 9 + Fr and 
cousequently x= 2t+1, whence y= 8-3¢. Now taking Zz = 0, 
1 and 2, we have x = 1, 3 or 5, and y = 8, 5 and 2 
.. the required fractions are jy and .8;; 73;and 4; and; and, 


a 


Note.—We canuot take ¢ = 8, since then y=8-8=8-9=-l=a 
negative quantity 

23. Let #, y and 2 = barrels respectively ; then « + y + 2 
= 50 (D, and 2z + 5y+ 42 = 250 1). Multiplying @) by 2, and 
subtracting the result from (11), we have 3y + 2z = 150, whence 
y = 2t and 2 = 15 — 3¢ 

Also x = 50-y—2= 50 — 2¢- (75 — 3t) = ¢ — 25 

Then in order that z may be positive. 75 — 3¢ must be positive, 
and .. 3t < 75, or ¢ < 25, and in order that x may be positive, 
t — 25 must be positive, that is ¢ > 25; therefore t is both less 
than and greater than 25, which is impossible. 

24. Let z, y and z = the number of pieces respectively ; 
then x + y + 2 = 100 (1), and 100x + 20y + 5z = 2000 (a). 
Dividing (1) by 5, and from the result subtracting (1), we 
have 19x + 3y = 300, whence x = 3¢ and y = 100 — 19% 
-.2=100-2-y=100-3f-(100 - 19%) = 16¢. Now taking 
t= 1, 2, 3, &c., we have x= 1, 6, 9,12 or 15; y= 81, 62, 43, 24 
or 5; and z= 16, 32, 48, 64 or 80 : : 

25. 2x + 3y = 25, whence x = 11 —- 3t, and y= 2t+1. Now 
taking f= 0, 1, 2 or 3, we have z = 11, 8, 5 or 2, and y= 1, 3, 5 
or 7, and hence the parts are 2x and 3y = 22 and 3; 16 and 9; 
10 and 15, or 4 and 21. 

26. Let x, y and z be the three parts; then z+ y+ 2 = 24 (1), 
and 36x + 24y + 8% = 516 (a). Dividing (~) by 4, and 
multiplying (1) by 2, and taking the difference of the results, 
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we have Tx + 4y = 81, whence x = 4¢ — 1, and y = 22 — Tt 

*,2= 24- (41-1) -(22-—7t)=3 + 3t. Now taking ¢ = 1, 2 

or 3, we have x = 3, 7 or 11; y=15, 18 or 1; and z= 6, 9 or 12 
27. Assume y"x to be a perfect number; then its divisors are 

LY, Wy ese y", try, By cee ay? oye =z Ly + 97 

tevee YU tutacytay?t.... cy*-l, Nowlt+y ty?t+... y™ 
yewe — | yr — 1 

ene ee jG Dales Yee Cys A wenn DY os = Z 

yrtt — 1 ty — le 

y-1 

gM te = ye = yt 1 + ote —2x; or yttlye — Qy"e +a ytl-1 
yer aT. 

yr ti — 2y” — a 


number, let y®*1- 2y"=0, or y= 2; thenz=2"+t1-1, Also 


Paty Hon ; or clearing of fractions 


. 


Now in order that x may be a whole 


let be so assumed that 2”**— 1 may be a prime number; then 
it will be found that y"* = 2"x (2"+1_ 1) will be a perfect 
namber. Thus if 2 = 2, we have 2?x (28-1) = 4 x (8 = 1) 
=4x7=28=144+7+4+2+41= sum ofall the divisors of 28. 

28. Let the number = 102 + 7 = 12y + 9 = 142 +11; then 
10x — 12y = 2, or 5x — 6y = 1, whence x = 6f — 1, and y = 57 - 1. 
Also 102 — 142 = 4, or 30¢- Tz = 7, whence t = Tt’, and z= 30 = 1. 
Then x = 6t-1 = 42i/-1; y=5t—1 = 35’ — 1, and z= 302’=1. 
Now assuming ¢/=1, we have x = 41; y = 34; and 2 = 29. 
Hence the least odd integer = 10x + 7 = 410 + 7 = 417. 

29. Let a, y and z represent the numbers respectively ; then 
z+y+z2=100 (1), and 50x + 30y + 22 = 500 (m1). Dividing (11) 
by 2, and from the result subtracting (1), we have 24” + 14y= 150, 
whence @ = 7f+ 1, and y=9-12¢..2=100-(76+1)-(9 ~120) 
=90+12t. Now ?¢ must be <1-.- y = 9 — 12¢ must be positive; 
aiso ¢ must be >—1 because x= 7é+1 must be positive, and 
since x, y and z must be integral, ¢ can only = 0. Hence, when 
t= 0, we have x= 1, y= 9, and z= 90. 
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MISCELLANEOUS HXERCISES. 


ie CUS amet oo ee ln eh 
2. {t= 2-2) + YP = fet =e 1 
(a? = a2)” 4 2(2? - z-*)+1-{@= a2) — 4a? - x-7) +1} 
4(a? = 2-7) 


3. The G.C.M. of the first three quantities is evidently a+ 6, 


and as it is also a measure of the remaining quantity, it is 
their G.C.M. 


b? b? b? — b? + ab ab 
4. Since 2p BO pS a 
o b? -—ab + @ 
UN MERC rnp ah: Mites ere 
r-b t-a_ 6b b?-ab+a? b?—b?+ab-—a2 ab-—a? 
@ b b= @ 1,8). ima. +, wba) 
a(b - a) a 
“b@= a) * 


5B.xtyt+2z=15 (0), e-yt+2=5(),-2r-yt+2=3 ) 
Adding (1) to (am), we have 22 = 18 ..2= ‘ 
Adding (1) to (@1), we have 22 + 22 = 20 .-. 22 = 2, and x=1 
Hencext+ty+tz=1+y+9=15 ..y=5 

6. BY2TX 5 -BYBx 5 + W126 x 6 — 49/6Ex b = 158/5 — 68/5 
+ 10/5 — 164/5 = (15-6 + 10 = 16)8/5 = 33/5 


ete 1 
7. at +120. Divide each side by z?; then x? + ee 0 


, 1 
a agate Dat ye 72s. 0+ 7 = 4/2; clearing of fractions 
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@ oy ee fd. pte a+b 8 
ig npg * Sbee Da a Geen bietgy = ev 
ct+d bte c b c a+b bte 
ee ae gga ae tha Mont ean ate 


Henceat+b:bt+c::b+e:ct+d 


OG sice) ic Oba P a0; men Oa 7, 2) 2G = 0 oO. OO =e 


a c 2a 2¢ 2a 2c rn 
“Gb 2b oe SP Sh ob mc! Bb 3c = apc Att 106) 


a c 
b= 3c—9p °: be = Bac — 2ab; or 3ac = be + 2ab = b(c + 2a) 
Ca c 
b ac nk |p 2b,- 44% = 2b. 
ag ae toe Chaaag ob aS oe, the: 
Cs oar Cato a 


c 2b c 
mean between a and 9 7+ % @ and = are in HP. 


_ 10. Sum to m terms when r is a proper fraction 


$-(-)} 
aql — 1”) Pp aes 


= P times the sum to n terms. 


n n Bn 3n 
ll,z2 —~ @ 2/a2 - 2a \on +l back 
3n n 
x22 — 272 
n 3n 
“2-2 2 
n % 
Z2=—g 3 
ha ea eS 
CR -x 
n 8 
¢ oa-2 8 


t 
“18 
ry 
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J 4 2 A 2g 1 2 
a pate’ + a’ as tant + a? (as -~@xi tai 


12, 1% triat div. = 147x* 
1st comp. div. = 147a*- 63a°y+ 9a7y? 
2nd trial div. =14724-—1262%y + 27x? 
and comp. div. = 14724 — 126x%y + 111x’y? — 36zy3 + 16y* 


ab2c? 
13, g2m-N+an-p+rap-m — gm etntp. 


x Pr dtd-rtr-p 


= abe x 2° = abe x P= abe 


14. {(2a?+ dx ~7y?) + ylf{(2a2 + day?) — yt = (227 + $a 2y2)” ~ y2 
= 4x4 + 2y?2 + fa-4tyt — y? = 404 + y?2 + La-4yt 
{(x? + b) + ax}{ (a? + b?) — ax} = (a? + b%)”— ax? = a4 + b4 + 220? = a2x? 
(a™ + yP)(u™ + y%) = aM EM 4 MYL 4 gy? 4 yP*E 

(375 — 273)? (2B - 3/3)(3/5 + 24/3) 
LAST Oe OC A SO ee 
= gig(45 — 12/15 + 12 + 30 — 9/15 + 4/15 - 18) = gy (69 - 17715) 


15 


1 1 1 1227 +1 
ee an eee ee ree oar" Gr 
meus ULES Oa res CE] 
Ax 

20 41 (een 2x +1 1 
ate 4(4x? — 1) 2(2x — 1)(4a? + 1). 2(427 = 1) 
Bet (407 + 1) + (Qe + 1)(Qa + 1) 
+ 3Q2- DG +l)”  @4° = h@t+1t 


_ Aw tlt deta + 4x2 + Qxt+1 
2(4a27—1)(407+1) ~ 16xt-1 
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2(&@—¢) a-c we 1 
18..@) —— + FS SS 
(et+aj@t+e)” £+a-c*' (t+a\@te) xta-c 
5 a 
20+ ae —ce=2?+an+ex +ac; Icn=—ac PR Shy 


(1) V@ = 1)@ = 2) - 2 = ¥@ = 3)@ = 4); squaring 
(@@ - D@ - 2) + 4 = 4V@ - 1)@ = 2) = @- 3)@- 4); 
vw. 2a? = 82 +2 = 8a -3 +. 42-120 + 8 = 4e?- 122 +9. 8 =9 
which is absurd .-. the equation has no possible roots. 

1 1 1 

COGt)@ 8) @-H)@th Geaj@ais- ° 
“. (@ — T)(@ — 16) + (a + 3)(a -— 16) - (@ - 5)(e@ + 7) = 0 
x? — 9x —112 + 27-13% - 48-27-24 +35 =0; x? —- 24x = 125, 
whence 2 = 12 + «/269 


Lee rl 6 
ina will = ;——; then H. mean between 


Si b+e 
19, Since n= 7—— beret 


=o 

1 2 2 b= feo 

nond = bre boc aoe bee ee Bubasb:cdcc 
Been awe 62 — 2 

Fe ie Woe ore 

pre ede eS 


a? —b? 
*, also ead? 8 the H. mean 


1 
between 7 and a 


20. Let w= work and 2, y, z = times in which 4, B and C 


can separately perform it; 


Then —— = 's daily work + B’s daily work () 
w 
> = Ws i + C's ui (I) 
ey 
~ - = Bs ow = Os es (Iv) 


1D WP : 
Then adding (1) and (iv), we have rat meee 2B’s daily 
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w : 2 1 1 1 be — ac + ab 
work = a: Hence 7 me + ial Be 

2abc 2 2abe 2abe 
and y = be—ae +ab? similarly = Ge +be—ab? and 2= 75 gen be 


a? b? Ga 3 
1. a= bya=e) * G=da=5) ~ |= Ey PY Changing 
signs. Hence J. c.m. = (a-b)(a—c)(e—b) 
ai(c - b) + be — c)—c*(a—b) _ @e - a’ + ab? — cb? — ac? + be? 
- (a-bjya-c)e-b) ~ a’c — a*b + ab? — cb? — ac* + be* 


bate a? + 4b?— 9c? a a? + 467 — 9c? a?+4b?—9c? 
Vasa Gores vem Ren Was Ab a= ree 


@+ 4ab + 4b27- 9c? 9c? — a? + 4ab — 402 
t 4b oo 4b 
(a + 2b)? — (3c)? (3c)? = (a — 2b)” 
aS | a BOTTLES 
(@+ 26+ 3c)(@+2b-3c) (8¢+a-—2b)(3c-at 2b) 
- 4b - lanai ea 
ar 2b + 3c)(a + 2b — 8c)(a — 2b + 2c)(2b —a + 3c) 
; See ae wae 
23. at + 20°? + b4— 20%? = (a? +d%)” = (aby 2)? 
= (a? + aby2 + b*)(a? — aby/2 + b2) 
Similarly a* + 20°? + b¢ — 306% = (a? + 62)" — (aby3)? 
= (a? + b? + ab/3)(a? + b? — aba/3) 
zy + y+ 2 
y £ 
RPE y 
“x SN 
25. GCM. of (x + Ty)(e ~ 4y), and (@ + Qy)(a - 4y), and 
(x - y)(@ - 4y) is —4y or. Lec. m. = (a= y)(@ + 2y)(a = 4y) (a + Ty) 
= ot + dady — 27274? ~ 34ry3 + 564 


=1 


My Cee 
26. When r=+1, the formula $= wet! i ) becomes S = “c “ 


= a(1"-} + 1-24 1%°3 4+ &c, ton terms) = a(1+1+1+ &. ton 
terms) = na 


Mis. Ex, 26-29.] ALGEBRA. 155 


Wihen ers! ales) = A we becomes S = — 
= a{(—1)""24+ (-1)"-7 4 (- 1)"-8 + &e.)} 
=a(l-1+1-1+1-1+&c. ton terms) = @ if n is odd, and 
=a(-1+1-1+1-1+ &c.) = 0 ifn is even. ; 

27. (1) a,=a4+(-1)d; then by same notation a,, =a+(m-—1)d, 
a, =a+ (n—-1)d,a,=a+(p—-1)d, anda,=a+(q-1)d. Then 
(P-9)(m—n)d = (m=n)(p-g)d.. (p—q {a+ (m-1)d—a—(n-1)d} 
= (m — n){a + (p — 1)d - a -(g—-1)d}; since we have merely 
added a—-d-—a+d=0 to each of the 24 factors. 

2. (P= Dain = Ay) = (= NY = A) 
(11) Since a, = ar'-1; therefore by same notation a, = ar™-1, 


a, = ar"-1, a, = ar?-4,-and a,=art-1, Then since (p — g)(m — 7) 

=(M—N)(p—q); rE -ULM—N) = pM NCD =U «| (yh YD = d= (~P~T)m-N 
qi 7? ; Tae ea tee 

Bub ieee 7m) and 7? -%= 7a Also since Date rene. 0, multiplying 


gm-I\ p-4@ yP -1\ Mm -% arm -1\ P-4 
by the latter, we have Oe Z - (73) a Gas) 


are -W\ m-n a.\P-4% a.\m-n 
= (Gara) thao (GE). one 3) 

28. On st morning the watch is behind the clock by 11s., 
and 45 hours afterwards it is only 2s. behind .-. the watch 
gains upon the clock to the amount of 9s. in 45 hours, or } sec. 
in 1 hour. 

Let x = gaining rate of watch per hour; then since the gain- 
ing rate of the clock is +s. in 24h., or 1s. in 240h., itis sips. 
in 1h... e = gz}, is the gain of the rate on the clock per hour 
. & — giz = 1, whence « =} +yly> +34; hence watch gains 
per day 1%; x 24= 4$= 49s. 


29. (2) S to 12 terms = ae 16{($)¥ — 1} = 2059343 


(1) 34 term = a+ 2d = 4, and 6% term = a + 5d = 37 
*, 8d = 37 -4=-45; henced=-JF s.a=4—2d = 4440? = 574 
+, A series = 534+ 435 +4438, + &e. 
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(11) 3"term = a7?= 4, and 6% term = ar = 3% »*. ar? = ar?= 34744 ) 


. r= 38; whence r = 3. Anda = = 42$=90. G. series 
=9+6+4+4 234+ &e. ‘ ae 
30. Let x = length, then z — 60 = breadth in yards, and 
z( — 60) = 5500; that is z?—- 60x = 5500, whence x= 110, and | 
x — 60 = 50 2 
2 ve 2 
31. @ @- ¥) +@- n= (FS) = (2 + ry + y") 
= at + Qa’y + 327y? + Qry3 + y* 
Q1) QlUt7T+O+r OF0+ 5- 44+ OF 38+ 9 
ae O+0+.0+4+ 0) +.0 
-2 14 +0 + 28 bain Soe 64 
+1 +7+ 0-144 7+ 33 — 32 
7+0-14+ 7+ 33 — 32| — 59 + 100 — 23 
59x? — 100x + 23 
Se eas ee 


Tw — 142° + Te? + 332 - 32 - 
NE a 
(ey a Ne oa ang aS a 
We observe here that each term is derived from that preceding 
it by dividing by z*. Let us now assume that this is true tor—1 
terms, and we have then left as remainder x”-27") — y-™, 
Dividing this by x - x~1, and we get as first term of the quotient 
x -2(7+1) which will be the 72 term of the quotient of x” —2°™ 
42-273 But a@ow tl = gM aan Ul. 32 = i@— 1) term = 
«. if the law is true for 7 ~ 1 terms, it is true for r terms. 
Now it evidently holds for 5 terms .. for 6 and .*. for 7 terms 
and so on, and .. it is generally true, and since the first term is 
«™-1, and each term is derived from the preceding by + by «* 
“. the 7h term ig v™-1-27-D) = ym-2rt+1, Tf m be aneven number 
the quotient will contain an even number of terms, and will be 
mn d gh B 4 gm 5 Ge, + gm (M=1) 4 gia (meI). 4. gm—(m+8) 
+ Ses “hy SUR IE snot hte! GS eRe ee. tone) 
4 a-1+ a8 + a-5 4 &c. to at-™ |, first part of quotient 
= second part x 2™ 
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32. -@ Let 4/37 + 20/3 = Hx +/y; then 37-2073 = Vz—y 

+ (1369) — 1200 = 169 = 13 = 2 - y, Also 37 + 20/3 
OA alin pr tess hence « = 25, and ‘y = 
Then yx + /y = /25 + 4/12 = 5 + 2/3 
(am) Let V4e + 2f4e® = 1 = Yo! +afy; then V4e — 2402-1 
=a! — fy .*. 16x? = 16274 4=/4=2=2'-y, Also 42+ 2/4221 
aot yt Avaya ty =4e.. Wn! = 4242, ore'=2%r+1, and 
2y=42~-2..y= 22-1. Then 2’ +Vy=/2e +1422 —-1 

33. (at — at)? = {AQ - a~4x-4)}~° = a-1%1 — g-42~-4)"* 


3 3:4 3°45 *4:5°6 
= a-12(1 +—-a- 4y- 44 —a- 8x78 + ——q-ly-22 -16 4-16 
a- ae x Laie oe ee ae +rpgat 


3°4:5°6 
+&c.) Hence 5‘ term =a- UXT a3 


Selb Sea 8 
28 x 27x 26 x 25 x 24 x 23 x 22 


Se. a Saar en 

35. (vt — 4a? + 10 — 120-2 + 9n-4)? = {(at — de® + 4) 
+ 6x ~2(0? — 2) + ga- 43 = {(u? — 2)? + 2 x 3a -2(a? — 2) + (30-2) 
= 27-24 32-2 

36. Let «= 4/1; then = 1 and z3-1=0.-. (w-1)(274+2+1)=0 

x-1l=Oorw=1. Alsow?+x=—-1, whence x =}(-144/—3) 
.Y1=1, or }(-144—3). Also 1?=1, and {3(-1F/-3)P 
3(-1FV-3) -. + {80-14 7—3)P = 14+ 30-1 F V-3) 
1+4(-144/—3), i. e. sum of the-cube roots of unity = sum 


a@-l6y-16 = g- Wy 1 5g-16 7-16 


cS 


= 1184040 


ul 


1, 


of their squares. 
37. C) ba + ay =ab=ax-a?+by—b?; ax — be —ay+ by =a?+ b?, 
a+b? = -b(a? +b?) 
orz(a—b)—-y(a—b) =a? +67; e=y+ Gab Tan Toy ty = ab 


2 2 3 2 at 
som Be riiic it eis ee ieee, 
- ey. b) ee a + 67 

hae eee, Sp ied ee ieee py BUGS SOY be ee 
b? +2 — B+a?+h? a 


iad awe ot eae Tan 
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(11) If in these-equations we write x for y, we shall obtain 


values of x and y, which will simultaneously satisfy the given 


equations. Thus 2? = 6a +42; or 2?-10r=0 ». 2-100 is a | 


factor of the reduced equation inz. Now from first equation, 


The w6e , f is : 
Ue reg 5 os substitute this for y in the second equation. 


p2_ G 2 ‘ 3 2 6a F 
Then e 7 =) = 42 + MESES vt — 122° + 1227+ 80% = 0. 


But we have shown that x?- 10z is a factor of the left hand 
member of this .*. (v?— 10x)(a?-2x-8)=0. Hence 2?-10r=0; 
whence z=0Oori0. And 2?-2a = 8; whence a = 4 or — 2. 
Then x = y = 0, or 10, or — 2, or 4 

38. Let x = yds B sold for $1; then xz +4 = yds 4 sold for $1; 


i il 
2 what B received for 1 yard, and er what 4 received. 
3 
90 40 
Then — + — 4 = 423 whence 21a?— 58r= 165 .:. 2 = 3, and 
De ead. 
t+R=3 
hee l-a 7-2 5 
39. Insert 5 4. means between 2 and 7; d = —— =;,—_ = —,, 
m-1 T-1 6 


Hence .f. series is 2 + 28 + 33 + 44 + 53 + 63+ 7; that is 
24+ 4274141 + 94 48457 +7. Therefore the H. series is 
P+ tert tvet ar tt 


40. The J. c. m. of denominators = (a — b)(x — a)( -— 6); then. 


clearing of fractions (a+¢)(«-b)-—(6+c)(e@—4a) = (a+c)(a—b); 
oraz + cx —ab—be—be ~ ce + ab + ac = ax + ac — be — be; 
ax — be — bx + ac = ax - be - bu + ac. Therefore the given 
expression is an identity. 

Al. Ja? + Lala ws. w+ 1a 1 Ade t+ 6x - daa + a? 
w.— A/z + 6x — dar = 0 .. 2Yx(2e - 3/a +2) =0 .. Wr =0, 
whencer=0 - Sane 

B47-T\? roe 

Also 2x - 34/x = — 2, whence « = Va ae eh = > 

42. ab — (ab + be = 8ac~ ab + 2ac = 2be) = ab + be + ac 
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43. §2? — Jay — yoy? — mz + ny + 3a? + ay — ey? + pe = gy 
= 120? + jay - joy + (p- mat (n—Qy 
And ja? — jay - foy? — mz +ny — jx? - ay + by? — pe + ay 
= ype? - Jay — yoy? - (m+ pet (nt qQy | 
(@—-8)(a+6)(@+T)\(a@-4) «+7 


=. (@-D@+E)\e-8)(eF5) — aF5 


x a b ] 

Oe es ee a re ye 
(w-a)(@—b) (a-—b)(x=a) ° (a-b)(@-b)~ a-b 

«. lc.m. of denominators = (« — a)(z — b)(a- b). Hence 
x(a — b) - ae — b) + b@ —- a) = (& —- a) — Bb); that is 
az — bx + ab - ax + bx — ab = x? — ax — bx + ab; that is 


at+b\2 /at+b\? 
x?—(a+b)x=-ab .. z?-(a+6)r + Ea | aia — ab 


uw? — 2ab + b? a? — 2ab + b? a+b a-b 
i aba ciSaniiis ab = ara a> ok i ca whence 
B= Ole 

(m1) Multiplying by 168 ; 

168 + 632 — 484 + 8=186.°. 152 =10...2=3 

46. Multiplying by (« -y), (y —2) and (z— 2) respectively, , 
we have : 
x — y3 = 37(% — y) 
ye - 2 = 28¢y — z) .. by addition 18% — 9y - 9z = 0 
2 — 78 = 19(2 — =) 
*, 2x — y = 2; substituting this ‘in third given equation, 
(Qe -y)? + a2 -y) +2?=19 ». Tx? — Sey +y?= 19; subtract 
from this the first equation, and we have 6x? - 6ay = - 18 


a?+3 oe ? : 
ry = ; substitute this in the first given equation, and we 


2 
e413 x*+3\2 oN 
have + ( yr le = = o?+ z274+ 3 + 3 = 37 


clearing of fractions ; 2*+ 9 + 92?4+24= 37x? .-, 344 — 2827=-—9, 


w24+3 9+3 
whence 2?= 9 or} «.2=430rd3y3; y= r oray a 
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+3 10 tne + 10/3 
bike See ee ae z= Awe y=t6z4=42, 


or = + $/3 F Apy3 = F §/3 
47. The question amounts to finding the least real wands of z, 
which will satisfy the given equation 
bx? — 2abz = m — a*b? — 2a*b — 2a7, where m represents the least 
2a m — a%b? — 2a7b — 2a 


value which makes # rational; 2? — yr B 
, 24 a — a +m—~ 7b? — 20% - 2a? = m— at? — 2a7b — a 
out ste Tbe © FO SE Pee Thy Fe 7 Se eee 
a@ +m—a?(l2+ 26 +1) a ta/m—a?(b +1)? 

Dee epee ep, Tyg Mery by b 


Therefore the least value of m that will render x rational, is 
m = a(b + 1)%, and .*. the least possible value of the given 


a 
expression is found when x = > and is therefore a?(b + 1)? 


48. {(a5? + 6 + 9e- SP) — daP(aP + Br-8P) 4 4y2}8 


tt 


{uP + 32 -9P)2? — 2 x QeP(P + By -8P) + (20?) 
as? + 32-8? — Qe? 
n 
49. (1) S= {2+ (n~1)d}— = {6F + (8-123 = (65 + 20)4 
4 x 26$ = 1073 
al—-7™)  8ila{l —( — 3x~7y)*} 


1 


8 ee ee eae eae 
26x ~ + oy® ZOCL > Leys 
12 gf eee rence 
ad { ( 243 x 27 \} 24aa"« (1 7 "243% 27 ) 
= Lr ga~¥%y . ae ay 
256x -7y8 
Q43gl4 
Q 27 _ 6561al* — 2560-28 
ie 3a? + 2y x 81x? + 54y 


243a04{1 — (= $x-2y)*} 243f1 - (- 3)*} 
Ba? + Qy “é 341 


(im) S,, =as above 


243 x1 243 
* ag ow pee 


Mis, Mix, 50-56. { ALGEBRA. Tél 


a(r?— 1) ark(rs — 1), 
pu] 78m of first three terms, and pol Sum 


; (mT) . OPH) oon us, 
of next six. Then m4" Taal } ner , or dividing each 


a(r®—1) : 
po? We get 72 = 137 +1), whence 7° = 8 or-9 .. r= 2 
*, any series having r = 2 will answer. 

51, amn-mptnp-mn+mp=np = 70 =} 

(zt + 20% + 1) + a(a? +1) (a? + 1)? + a(x? + 1) 
2. G@i+ Qa? + 1) = a(t 1) * G@+ 1 a4 1) 

_ @41)@ +241) _ etaetl 

~ (att 1)(2?-2x+1) * gaze] 

53, 27—2(a + b)x = 3a?= 10ab + 3b?; complete the square 
x? — 2(a + b)e + (at b)? = 3a? + 10ab + 3b? + a? + 2ab + B? 
= 4a? — 8ab + 4b? = 4(a = 5)? ». ec — (2 +b) = 4+ 2(a ~ B); or 
zsatb42(a—b) = 3a~b or.3b—a. 

54. Because Vy=2: f20=2::2:2 «. fy=az = /20-@ 
.y-x=20+2; hence y=20. Then from first given equation, 
Vy -/20 —@ = /20.—2 .. vy = 2/20 = a@, and hence y = 80 - 42, 
but y = 20 .*. 20 = 80 — 4a, or 4x = 60, and x = 15, and y = 20 

55. f(a? + 1) — Azf{(z? + 1) # 2a} + 2(a? 4+ Qe + 1) 
= (x? 41)? = 4a? + (a? + 2a + 1) 3 ot Qa2+ L— 4a%4 2274 42 +2 


=xt+4r+3; 
(x* + 2x%y? + y)(2* = da%yt + yf) = 2y8(at = 20%y/? + 8) 
= ot gy cat ay! + ates = tag + 
= (at—y') + 2atye= say? + ay? : 
= £8 — Qaty? + y6 + 2aty? = Ay® + 2y6 = 78 — Ary? + 3y6 

56. Multiply 24 given equation by 3, then 327y + 3ay? = 303, 
Add ths to 18+ given.equation, and we get 
a? + Baty + Bayt + v8 = a + BP we ty = YS BP, 

b? 

‘at + 30! 


But ry(z + y) = O .. wy(Va* + 308) = 68 , ay = 
iv 


| 
162°. | yo [Mrs. Ex. 56-59. | 
: 


Ue | 

3 4 

Then a? + 2ay + y2 = (a? + 3b8)*, and 4zy = 

) i 4B (us + 36%! 

. a2 = Qay + y? = (a? + 30%)? - ———_> 
‘ (B+ 3b%)3 


2 4b® 
Then «—y=+ V (a + 30%) 1-5 468 

J 3 33 ai— oF 

myx t V (O43) (arp 


a apy Vee 
B= ye EE ay NV en Bee 


e+y= (a + 308)! 
Wane 3y} ct ie BF 
3%. % = 14 3b%)* | 1 + e138 


1 (oS lie 
y = 3(a° + 305)? (: ¥ Snae 


35 
57. Let « = number at first, then a what each had to pay, 


but two left, therefore the number remainining = x — 2, and con- 
35 35 35 


consequently scan what each paid. Hence a ce 2 


0? —20= 355 ora? —2e+1=36..2-1246, andz=7 
1\4 4 
58. (a + b? ) = a2( 1 + a” 4p?) 


Pea a Hers Ws eS) 1d Were eee 1\3 
= g2\i ZHz Saha 3 2 
a (a ee te b? + Tah b ) + AC b ) + &e. 


4:3°2 

H 4th term = a? x —— 
ence erm ar x 1-23 a 
59. (- 20%)’ = 40%? == Qa%et x - Bax7 x 2 = 120% 
— fax" x Jax® x 2=—ha'%e8 = 25 x hax’ x 2 = — art 
ae x ~ 8an7 x2=- 6a (120% — a).ct 
= — Yara’ .. coef, of a4 = (120° — a) 


(4a* — 13a") a8 ., coef. of x8 = (4at — 13a?) 
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60. Let x and y be the numbers, x being the greater; then 
Cys Cb Ya, and By 12 ei = Yi Oe ye A == aa, 
and y(“ - y) = bx 


xy + y? = ax 
zy -y? = bz 
cy  =ax+ bx; or dividing by 2x7, we have y = }(a + b) 


ay? — aca +b)? = (a+ b)* 
“@-b 4-6)  2(a=d) 


- Qy*=ax-—be = (a-—b)a . 


1 4z — 3 302 — 23 
BES) Be ag 8 a0, 7 Woe dO 
+ a7 =3 
(fat + V\ fa? + 2 + 27? a + 1\ /(@ + 2 3° 
(= = i) a) F te) Gere. ) 
COLIN fF Ge ane e+e-at+a-t 
A (ae) ae) EE BUR ae ag ee 


a+ 2a + a7 x + 2a8 +e x(a? +1)? 


st = 0274-2 — 2-4 7 26 — 298s 2% 15) 8 at + 27? 1 


z+é6 az-4 r+2 
@ + D@—5)* @ + D@ +3) 7 @— 5) + 8) 
-, lic. m, of denom. = (« + 7)(«—5)(@ + 3); then reducing to 
(2 + 6)(@ +3) + (@ -4)(@-5) — (@ + 2) (2 + 7) 


62. 


common denom. = (a+ De = Be +3) 
22+ 92 +18 +27- 92 +20-2?-9r-14 2? 9x +24 
g a? + 5x? — 29x — 105 e a4 See 


ee ae j £ feta Ph 
o{(etttm)-t(pts)+G) }ogtecs 


(11) {(a* = 203 + a?) + 4 (a? - 2) +4 at 
= f(a? 2)? +2 x 4a? — 2) + ay? sat—ax2t+43 


64,, (<™ St 2y™) (a™ 7 y”) = am OE? ~ plays ae 9y2n 
= x? — 3nmy™ + 2y% 2 
{xt + (ax™ — by}{a™ = (ax — by} = (2) = (aa™ — by? 


= om — ax + 2aba™ — b% 


164 KEY TO (Mrs. Ex. 65-71, 


6b. @) 12(a* = 24) = 3@ - 2) = 4(@% + Qe? + de + 8) 
= 42° 4 8x? + 16a + 32 
(1) 4=2+41)20-22+11-3(5-3 «. quotient = 507° — 3ab* 


20-10+ 5 
“=12+ 6-3 
-12+ 6-3 
66. Let's b kt bc ees a them, @ 5.8% a8. s Ge 
2G NOUS VE te WD FRE Th AEB oO Rey Cr 
Foray ip * Ge aie” Bk chcdy eka be eee 


CHS Chere Ue oh (OF2 

67. 2? < 102-16, or x?- 102 <~16, or x?- 10% + 25< 9, 
orr—-5<+3,0r2<8or>2.-. values are 3, 4,5, 6 and 7; or 
thus (-—2?+10%-—16) >0; —(a?-10%+16) >0; —(«-2)(x-8) > 0, 
. « — 8 must be negative, ... x <8 and # = 2 must be positive, 
cote 


68. By Art. 106 ) a = : Mes 
6 Tt. Vil Se tan a ge ee ee | eS 
:  ¢ 4fz-5 20 Vx —5 5 


Sao — 5; Orr 355 25. 2 = 30 


69. « + 2 > 2; if a?7+b?> 2ab, but a? +o? is greater than 
a 
6 

70. Let n =.1; ~ and » + 1 be the three numbers; 
then (2 = 1)? + n° + (nm + 15% = the sum of their cubes 
=n? — 3n? + 38n—1 + 2° +n? + 8n? + 3n + 1 = 3n? + 6n = 3n(n? + 2) 
which is evidently divisible by 3n, i.e. by three times the 


b 
2ab by Art. 184, Note 2; .. = + ee 


middle number. 
WW. 1b Se ae. Ae ts Bahl 6." 
~5| = 5 + 25 - 125 + 690) - 3950 
+4 + 4— 20+ 100] = 552 4 3160 
1-5 + 25 = 1388 + 790) ~ 4507.+ 3166 
4507u = 3166 
a+ 5a = 4 


“. quotient = a4 = 5a9 + 25a? - 138a + 790 - 


| 
| 
| 
| 


Mis, Ex. 71-78.] ALGERRA. 165 


(a) (@ - 2-8)? = (oe c-})? = (ot + 1 + 2-2? 
satt2x2 43420-24074 
72. It is evident thas the (m = 1)‘® factor of 
(a3 + a?) (2# + at) &c., that is the n factor of the given 
tee GEFs ee 
series is x + a\*” , and that the term before this is 
2\n-2 n-2 
a) + a) , and soon. Hence the series is the same as 
ae + PO tae 7 ee se ab?) (2) * ¢ a(h)”-?) 
ones (a3 + a), Now the product of the first two terms 
fs? a) -2 a K 
= or - as? ; and the product of this by the third factor 
(rs CE)" -4 
=a ENe - as? , and so on. Hence the product of the 
first » — 1 factors will be (x? - a), and the product of this 


by the n factor (2? + a?) will be  -a@ which ,*. = the pro- 
duct of the given factors. 


Notr.—All this will be perhaps more evident to the student, if he 
takes a numerical example, and examines how the indices are affected by 
multiplying them as in the above question. Thus suppose 2 = 5. 


Peete ea ie, 4 oe} 
= (q* _ o(2)*) (2* 4 g@*) (ate ~ a's) (ats + a's) 
i 6G ee), 


13(2x” + 8) - 7(2% - 3) x-4 12% + 60 v4 
12 29), atte 8” 124s = by 42749 
ct+5 x2—4 403+ 2027+ 9x + 45 — 42°4 1627+ 92-16 

7 Eta 9 7 ae gt 1674 - 81 


3527 + 18x +9 
"  162*=-81 


166 KEY TO ; [Mis Ex. 74-78. 
74. (1) {402+ By?) + Say}{(a? + 89%) — dey} = (42? + Gy) - “yey : 
= feat + pay? + stryt - §2°y? = aga* + stry* 
) (ont 4 ay#) (ot — ayt){ (42? + 992) + baty?} 
{ (4a? + oy3) = 6x4y?} 
= (4x? ~ oy?) (rex + 122y? + sly — 36x%y?) 
= (42? ~ oy?) (162 + 36e%y? + sly) 


MW 


G4e! + 1d4ey? 4 B24eby — 1dday? — 32de%y ~ T2942 


ee — 7294? 5 


i 


75. Multiplying first equation by /2, and second by 1/3, we 
have 22/6 — 6y = 6/2 (1); 3a/6 — 6y = 518 = 154/2 (11). 
9/2 yz 


Subtracting (1) from (1) 24/6 = 9/2 «. a= ouvert - 3/3; 


then 20/3 — 3yf/2 = 6/3 x 4/3 — 3y/2 = 18 — 3y/2=,6 
12 
+. 8y4/2 = 12 and. y= 3y2 = 2 
n n 
76. S, of 1+345, &., = {2+ (= 1)2}> = (2 + 2n - epee 
in nN 
S to jn terms = {2 + (jn ~ 1)2}> =Qtn- Dare = 4n?; 
n? 
then sum of last half of the series = n? - ris jn? = 3 times in? 


@+2ab+b? (a+b)? 


77. The 4. mean is ah a a and the H. mean 
,_ © —2ab+b* (a—b/? help 2s 
is ee = "Gp 3 then Art. 262, the G@. mean = 1H 
(a+ bya = DN (a+b) Gs b) G2 —ibA a b 
ab? ab! ih, FR AR Ne eae 
78. By Art. 260, it that ee eee he 
8. By Ar , it appears tha Aas) hes 
substitute this for b 
Ns 
Th are 1 ] Case ate 
— = see ey | —————— 
re 2ac . _ 2a¢ a(c = a) “s c(a = ¢) 


ate ate 


wus, Ex. 78-81.] ; ALGEBRA. 161 


1 1 1 ac—a*+ac—c* 
Are a(e—ay) * c(a—c) a ac(c — a}{a@ — Cc) 
2ac — a? — ¢? 
= (e-a)(a a0) . 2ac — a? — c2? = 2ac — a = t7. Now 


reversing the steps of this operation, we. shall have proved 
the point required. 


79, vertstt,and ssm—, and t= ney? vert —+nay? 
O=r+mt+n r 
8=r+m-+2%n > From these equations r = 1, m=— 4, and n= +4 
l=r+0+0 


MX 


ware + natye = 1 — i + fry? 


80. {(a+ b)a + (a- b) (a+ b)x — (4 -— b) = (a@+b)*a? - (a = bY? 
=4ab .. (a+ b)j’u? = 4ab + (a —b)? = (+b)? Pals. x=t] 


GHD I b ; ’ 
(11) ae Gea eae atx? — b*x = abu? + b?; a%x? - abu? — b*x 


* 9 F b? b2 
=b4i5 (@ = abjx® — b*x = be Pea) aCe = fb): 
: bx be b4 ob? 

i = 4a?(a — bj? ~ 4a®(a — b)? z aqa — 6) 
b4 4ab?(a—b) b* + 4a*b? — 4ab b? 
~ 4a2(a — 6)? ‘ 4@(a— 6)?  4a*(a—b)*?. °* * ~ 2a(a—b) 
_ Eby 0 + 4a? — 4ab b(b + Yb? + 4a? — 4ab 
2a(a — b) teak (hi 2a(a — 6) 


81. Product of first two factors = a? — l*; hence product of 
first three factors = a* — b+, aud product of first four factors 
=a*’~b®, Hence it is evident that the exponent of a or of 6 in 
first term is 2°, in product of first two terms 21, in product of 
first three terms 2°, of four factors 2°, of five 2*, and so on; hence 
the exponent in the product of first » factors will be 2-1, and 
of the series to n + 1 factors, tle exponent will be 2". Hence 


the required continued product is a?” — 0?” 


168 ; KEY TO [Mis, Ex. 82-87 


82, lil-(a+b+p)+(apt+bp—c+q) — (ag t+ bg - cp) - 9 


+ pp ee — (ap + bp) — cp 
ee) eur Sah! +(aq+bg) +496 
l=-(a+b) - ¢ + 0 ears 


Hence quotient = 2?-(a+b)x-—c 

~ 83. {(@a® + Qabat + 727) + (2acz? + Qbe) 4 ex - 22 
= {(ax* + bx)? + 2 x cx-4(ax* + br) + (cx - 8 = ax + bx +cx-1 
(x -a)(x+b)+(x+u)(x—b) _(@-O(@ -b)+ (et a)(etb) 


ee. (a? — a*)(x* — 6") r (x? — a7) (a? — 6%) 
_ ws aa + bee = ab +0 ax—br—ab (2? — @ 2) (2? — b?) 
. (2? — a®)(x? — 6?) * P—an-bat+ab+a*+ax+bat+ab 


3 ~ 2ab_ x? — ab 
~ 222 + 2ab~ x? + ab 

85. G.C.M. of (a? + px + p*)(a? = pr + p?), ‘and 
(2? + px + p?)(z? + pr - -p*) is evidently @ + px + p% 
Otherwise by ordinary rule, thus: 
at pat pt)xt 4 2pa8 + px? pt. at4pe t+ p?)2*- p(x - p 


xt + pitt pt + p27 4px 

P 2px*— pt = 2p(x* - p*) — px? — px — pi 

a — p')x* + p'a? + pi(x ~px? — pra — pF 
at pi as WoRt 


pia’ + pia pt = pa? px +p), G.C.M, = 27+ px +p? 
86. §(ut+5)(@-4); Ww -6)(e +5); and ¥(x-6)(x — 4), 
Hence l.c.m. = 52(a + 5)(@ - 4)(a — 6) = 2f(a3 — 52? — 262 4 190) 


_ 2@b +2) 1 - 0? 2(ab +1) ab + 1\% 
2 = . ES 
By ee al Folie a 1 (art) 
_ (ab tly? lL - oFb? + 2ab +1 + a? = ot - 1 +7 
ee Se SCR vers i | (at = 1)? 
a* + 2ab + 6? ab +1 a+b ab+14+(a+b 
slp te ee, wi ee er 
_ (ab+b) + G+) b+ + (ath) _ (6+1)(@+)) | oak, 
at =] =" 4 1)(a = 1) ~ (a-1)(a+1) ~ 


ab-b-at+1 (@ -1)@-1) b—-] 


ee Gal) GED (Ost) at 


a) 


Mis. Ex,88-90.] ALGEBRA. 169 


88. Multiply both numerator and denominator of the first 
factor by x; then 
vt or? 4 2(0?4 1) (ar a x~*(08 +1) + 2(@?4+ 1) ee 1\2 


tl g-%-9(@22 1) e241) ~ @ %@8—-1)-2@-1) \eF1 


/ 


ze (et — 234 1).4+ 2\ fa?—1 a? —-14+a72 + Q\ /22-1 
Meoeti aa) (Gai) = Crees) Gay 
’ et Lae (2? 1\ wt 2 1\ fe? ~ 1 eo =\] 
eager i)? (ere i) (ae i= 3 +1 


n—-1 
89. Let n represent any square number; then era will be 


n+I1 
half the next lower number, and i. will be half the next higher. 


Then n+ ran ik tanec r= = 4 
nti? 
=( ; 


90. Let z, y and z-represent the number of hours taken by .4, 
Band C respectively to fill or empty the cistern; consequently, 


+) m—-Int+l 4n+n?-Qn+1 n?+2n+1 
=n SS 


; 1 1 
in 1 hour 4 will fill —th of it, B, ra of it, and C will empty 
1 
—th of it. 
z 
I 1 i oe 
Then 3 pn eS 


s eae 7 
5 ( - z) Sap 1 }i.e, once the contents of the cistern 


y z 

5 1 ; 

Be ey yh, * 

3 27 6 5 : 
Hence 0. eae ia Is Wr se ald 
Multiplying the first of these by 3, and the third by $ 
3B 5 5 5 
6c oz (O8 ee mee oT asg | 
Bi tp nf ay 7S a eae a: 
6z Ay et 
Also #7 = 4 =] 


. Bho dtelt: r=4 = 
“4547 = 12 * whence x; = 3, or y= 3 


170 KEY TO [Mis. Ex. 90-98. 


: | 

} 
| 

‘| 


Oe FD. Na Tao 5 29 15 1 1 
THe et eee yo 1 = ig kien or z=4 | 
(ee ie 5: 7 7 1 1 ) 
Also 7 get tines be Ost awe 4 
91 2x5 + 224% — 5a? + 427-9 
3 


3x4 +323 — 102? ~ 2 + 3\ 6x° + Gxt — 152° + 12x? — 27(22 
‘ + 6x*—20x28-— 2074+ 6x 
5ak+142%- 62-27 
8x4 + 325 — 102? — x + 3°34 - 27 
5 
5a + 1407 Gr = i. 15a* + 152° — 502% — 52 +15 


1524 + 4225 — 182? -— 81a 
— 272° — 3207+ 16a+ 15 
5 
— 1352 — 1602? + 380z + 75 
— 13523 — 3782? + 1622 4+ 729 
2182? + 218% — 654 
= 218(a? + x — 3) 


a4 @—3\52°+ 140? 62 — 27/52 +9 
ea Be? — 152 
9a7 +92 - 27. 
9x? + 9x — - 27 


92. 1. c. m. of (ax + b)(px + q), and (ax + Se — p) 
= (ax + b)(px + 4) (qu - p) 
= apgu® + (ag? + bpg — ap*)x* — (apg + bp? — bq?) x — bpg 

Ll. cum. of x(@ = %y)s (a? . yi)! - y); and y(x + ¥), 
that is of x(a — ye (23 , x: y! + y) ; (a3 + y?) (a4 = y*), 
and y(a* + y*)(at - aty? + yt) = a - y@ + yy 
= xy(2 - y?) = ay — xy? 

93. (2) Multiplying by 273, we have 
9la—182a= 18x + 234a — Alex — 42a; or 34% = 3740, whence 
z=lla 


Mus. Ex, 93-97.] * ALGEBRA. 171 


(11) Reducing first member, and also the second member, 


“—-5 z-5 1 
oe we ies Gividing hy x - 5, we haye 


whence x? - 11 = 6, or a? = 7, orz=44/7 

(ut) Squaring each side, « + 4 + 2227+ 14a +24 + 2x +6 
3a +34 .. nfOu%+ lde + 24 = 24; or f2u7 4 14c +34 = 12 
o, 20? + 14a + 24 = 144, or 2? + Te = 60; 224+ Tx + (4)? = 60 + 18 
292 Oh ard c= OV 12 

(iv) wy -— zt? + Bx’y — 3y = sfx* + By, but ee 
5 - 2+ 15 — By = fae By, or 20 - (2? + uF Vat 

. (+ Ly Shai By = 20... (a? + By) + (a2 + ay)? +45 2 
(w+ By)? =+3-4=4o0r—5; squaring these, x?+3y = 16 or 25. 


{ 


1) 


- 
. 


But since #*y = 5, 27 = aes ~ + 3y=16o0r25, Hence 3y?—- 16y 
=-—5;,or 3y*- 25y=-—5. From first of these equat. y = 5 or } 
Hence x = 1 or $415 

94. («@ - 2)@ — 3)(@ +2 -f — 3)(4 +2 + V — 3) 
= (a* — 5x + 6)(@? + 4x +7) = et - 23 — Ta? - 94 + 42 =0 

95. a-a+m+a-m+m—-a=m 

96. a® + b9 = a® + 2atbt + b8 — Qatb4 = (at + BA)? — (a%h%/2)? 
= (a* + b* + a7b7/2)(a* + b* — a7b74/2) = 4 

97. Since Art. 260, 4=3(¢+ 0); H=77>, and G= afab, we 


have by substituting these values for 4, H and G 


2ab [{ 2ab 2ab 
Co Por ae a ahs A 
core ab 
2 
4ab (2ab — a® — ab)(2ab — b? — ab) 
a (a + b)? eae ab(a + b)? 
4ab ab(a + 6)? + (ab — a)(ab — b?) 
OF (ar by - ab(a + by? 


ab(a+b)?+ a(b-a)(a-—6)b = ab(a +. b)* + ab(b — a) (ab) 
5 ‘ab . ab 


172 KEY TO, [Mis. Ex. 97-100. | 


-. 4ab = (a +b)? + (b = a)(a = b) = a? + 2ab +b? + ab — D2 a? + ab | 
or 4ab = 4ab 


98. Let x = minute divisions the hour hand passes over; then 
12x = divisions passed over by minute hand. Also 60 + x 
= minute divisions passed over by minute hand between two 
successive transits .. 12x = 60 + ay op Vin 16047. = 65 
= minute divisions ee over by hour hand, hence time in 


minutes = = 53 = 1h. 533, m. 


99. Let a and y = sides of rectangle ; ;. then ry = area 
(@ + a)(y — b) = xy + ay — bx — ba= xy 
(e@+c)(y—d)=xy+cy-dx-—cd=xy-e 
ay — bx = ab \ _ ady — bdx = abd 


cy -— dz =cd—e eee bdx = bed — be 
*. (bc — ad)y = bed — be = - abd 
b(cd — e — ad) 
whence y= 5 head ee 


Also acy — bex = abe 
acy ~ ada = acd = ae 
(bc —ad)x = acd — ae = abc 


S .. aed —e - be) 
whence x*= Fae aa 


If ad = bc, and be + e = cd 
afed — - (bc + (be + e)} BRO ® 


Thea @ =. ae = Teo 7 ae. value whatever 
bcd —- e — ad) b(cd = e — be) 
Also y = kag 8 he aa nee ee eee 
b{cd — (e + be)} Oe» 0 
be-ad Hes ua Gu 


3 
a-b 3(a —b) az—b a-—b 
100. (2-55) iol Sam} Ney toma rE T5 write 
+— 
: i 


‘ 3y 3 
Then “(1 — 9)? 5 1/2 ===. = JN AG ee 
Gi 9) Tey Ot Lx Sy 4 ay— y= Tes 


tts. Ex. 100-102, | ALGEBRA. 173 


1-34 3y-y? = = —— 4 3+ By —y? = By + 3y2 YF = - 


L+ y 
b 

or 2y?— y= 0 1. 2y2 = 43s or2=ey.* eal 2.°.2%-2b=a—-b; 

or 2a =a+b, el Rela eee 


LOR Wb Og Oo BOs Te PO ole” OF © 
+2| +10+20+ 10-46 — 122 — 104 + 158 + 628 
= 3 - 15 - 30 — 15 + 69] + 183 + 156 — 237 ~ 942 
5 +10 + 6=23|—61 + 70 
-61-52 + 79+314+391 
61x — 70 
a— 22+3 
or 525+ 10a? + 5a — 23¢9 — Gla-1— 52a72 + 79 2 + 3142-4 
+ 391a-5 + &e, 


Bae + 1027 +. 52 — 23 — 


102. G.C.M. of (y — 3)a2 + (y? — 9)x - yQy* = 3y = 9) 
and (y+ 1)x? + 2(y + 1)*« - y(3y? + 5y + 2) 
= G.C.M. of (y-3)2? + (y - 3)(y + 3)z = y(y — 3)(24y + 3) 
and (y + 1)a? + 2(y + 1)®x -— y(y + 1)(3y + 2) 
= G.C.M. of x? + (y + 3)" = y(2y + 3) and x? + 2(y + 1)x - y(3y + 2) 
= G.C.M. of (x - y)(x + 2y + 3) and (x - y)(x + 3y + 2y 
=x—-y. See Algebra Art. 73 
If the student does not clearly understand this method of 
factoring, he may obtain the G.C.M. by rule. 
Thus 2? + (y + 3)e - y(2y + 3))a*+ 2y + 1x ~ y(By + H(A 
z+ (y + 3) = y(2y + 3) 
Y- De-9¥Cy- 1) 
=(y-D(e=4) 
Then x= y)a? + (y + 3)a ~ y(2y + 3)(« + (2y +3) 
xia ey iy’ 
(2y + 3)2 — y(2y + 3) 
(2y + 3)u — y(2y + 8) 
Hence G.CM,=2x-y 


i 


| 
174 KEY TO [Mirs. Bx. 102-108. | 


When y= 1, the given quantities become — 22? - 8x + 10, and | 
2a? + 8x — 10, of which the G.C.M. is evidently x? + 4a —5 
103. a= mb?, and c? = nb? .-. c=ntb? +. ae= mn2b? ae oc b 
104. (a4)° + (m4)’ = (at + m*)(a8 - atm4 + m8) = (a? + am) 2 + m*) 
(a — amy2 + m?)(at + a@m*/3 + m*)(at — a?m*/3 + m*). See 
problem 23 in Miscellaneous Exercises. = 
sg te ues ee en 9A ase LO Pie s Dy 
CE a = ee 28h), Bed) eB 
_(@tp-g(m-ptqg _ mtp-4q 
~ (m-pt+e)\(m+p+qg) m+pt+g . 
P-@q@-m (p-qtm(ptq-m) ptqa-m™ 
(m+ pyP-GF (m+ p—q(mtptqg mtptg 
G- kn ip)? Mit OG tm ei P) eae 
CQ me Ok ge MOD g — Mm) Bag ae 
Mtp=—g pPprtgog-M 'Gtim=p 
mM+pt+q M+prq prgtm 
_mtp-qtptq-mrtqtm=p mtptg v 
an+ptrg mtp+g 


«. sum of three fractions = 


106. 2x 274.2% = 80 i: 2% 4 202") + 1 = 81 0. 2*4+ 1 = 9 
= 8 ale. aS 

107. Let a?'— 8x + 22 = m, then 2? — 8% + 16 = m — 6} 
ora—4=+m—=6, and «=44/m—6, in which m ~ 6 cannot 
be negative if x be real, that is m must not be less than 6 

108. Ifa, 8, c had each oc d; then a= md, b=nd andc = pd 
. abe = mnpd*, that is abe oc d® 
Now by hypothesis a oc d? .-. a= md? +, a = m'd® 

— Also 83 cc nd... b§ = nd* 
And c® cc 2 = pd-t 
=. BU = mnpd> 

Then taking cube root of each side, abe = %/m'np x d® 

.. abe oc doc as if each of the three, a, b, c, varied directly as d 


Mis, Bx. 109-114.] ALGEBRA. 175 

109. Sy of 1+3+5+&c.=n*, (See Ex. LIX, Example 13). 

1 n 

S, of (2m +1) + Qm+3) + Qm4t5)+ &e. = {2(02m+1) + (n- irs 
n n 

= (4m +24+2n= NF = (4m + 2n)- = (2m + n)n = 2mn + n?®, 


and it is manifest that the latter sum exceeds the former by 


2mn, i: e. by twice the product of m and n 


’ B m 
110. Let B and y be the roots; then B: y i: 1 2 Pa 
5 ; b ¢ 
And Art. 208 Corn, B+y=- FE and By = 
: Zod 
Bry mtn ~ a mtn 
Then Art. 106, ——— = ) nS 
Of n Y n 
b a m m b n b m 
Yat mei ATE TT Chan 
b n b m b2 mn as c 
Ol a Tee Wik ‘ aa a en * a2 * (men nd By = 
Cab mn ae. mn b2 (m+n)? 
“a at (men? % a (mnt ac oman 


111. The denominator = a7(b —c) + bc — bc? — b7a + ac? 

= a(b —c) + be(b —c) — a(b? ~ c*) 

= (6 —c){a? -— a(b + c) + be} 

= (b-c)(a—b)(a—c) 
Similarly the numerator = a*(b? - c) + b4c? — b?ct — ab4* + att 
a8 (U2 — c2) + b702(b? - 02) - a(* - c4) 
(0? — c)fa* — a2(b? + c*) + 0°c?} 

= (0? — c?)(a? — b*)(a? - c”) 
Ur = D(a@- PY 2) 
(b-c)(a—b)(a= Cc) 


MN 


N 


Then = (at b)(h+c)(a+c) 


| 

476 KEY To {Mts, Bx, 112-115 | 
112. (1) Every numbér is of the form of 37 or 3n +1.°. every. 
square number is of the form of 9n? or 9n? + 6n +1, the former 
is evidently divisible by 3, and the latter becomes so when | 
increased by 2. 
(oO) Of any three consecutive integers, one must be divisible 
by 3, and since every even integer is divisible by 2, and two of | 
the given integers are even, it is manifest the latter of the two 
even integers is divisible by 4, and hence that the product of 
the three given integers must be divisible by 3 x 2 x 4= 24 | 


113. {n(n + 1)P = {aa = DP = Pm + 1? = (@ = 14 
an(nt1l—-nt+i(nt+1+n-1) =n? x 2 x In = 4n3 


lt+a 2 2(1 + @) 

= . i) 2 + Sa ees 

114, x ae eee Tog and +d qa - a) 
1+6 we _(+a)(14+d) | 2(1 + ab) 
os ap PES ere ras) Oe ea 


2(1 + a?) 2 
(ab+1)@?+1) atl Sheed Df (os. @)F tow 


Then - 2 
(y+ DE+)”~ yt1- (1 + ab) : 2 
i =aa- ay beat yy de 


2(ab + 1)(1 + a?) 


( - a)? : a -@od-5) 1-8 
= 50 7 aby(a + 1) aS? Peeps eae 
(1 = a)(h - 5) 
1=-b 1-3 | 

Take eee 


115; 17+ 2143543542147 
=1]| = 7214-21-14-17 
T+14$ 214+ 144 Ts att Lardy + Qlzty? + day t Tye 
W7+144+214+144+7 
el) - 7- 7- 7 


=i a Is 7-17 a 
T+ T+ Ts Tat Tay + Ty 


Mis. Ex. 116-120} ALGEBRA. 177 


116,.8+4-6-141)72+ 36-68-16 + 16(9 
Wo 86—64— 944 9 
Pacer e 
-71) 2+ 1-1 
2Q+1~1)8+4-6-141(440-1 
B+4-4 
ot ie oh CO 
m2— 14: GCL. = 2224 2-1 


117, (2x? + x - 1)(9x* = 4) = (28 -1)(@ +1) (8x + 2)(34 — 2) 
(22? + x ~ 1)(4u? — 1) = (2@ — 1)(@ + 1)(2% + 1)(22 - 1) 


118. l.c.m. of denominators = 8(1 + z*)(1 + x)(1 - a)? 
.. the given expressiou = 
6(L+a)(1 +2") +3(1-2)(1+0)(1+2%) + (1-2)(1+27)-2(1-2)\(1+2) 
8(1+ 2)(1 + x)(1 - x)? 
8 + 8x + 8x? Ir a ee l+a2+a? 
*S-2)(+e)(1-2)” (l-a*)(l=2) ~ l-x-at+ xd 


5a 3a 
119. (< + at - ral + ag = (@ + 5a)(z - 3u) + 1i} 


- 15a 5 P 15a 
Ae + Jaa ——G-= 2 + 2au -15a+113; 2aa — ax = 15u—-—Q~— 115 


45a — 45 45a — 45 45a — 45 
es AS gt eS aiat eran) o 0 
it is an indeterminate equation. If a = 1 it becomes an 
identity, 
lr 1 

120, (1) If a, 6, c are in H. Prog., Ee Bi and > are in A. Prog. 

A ae ae Li get Ly eb \gdt fe ved 

Geta ee) wt 5-3 - (Fs) =a 

b+e ate 
She. Be 


178 KEY TO [Mus. Ex. 120-124, 


atc a+b bte ate atb ate b+e ‘ 
ee  —  — s, —, — —— arein A, P, 
cae ab be Gc ab Vac and be ¢ 
ab ac 


bc 
And Asati Aue and Bee are in Ff, Prog. 
ABO Ie Nees ag 
(11) Since Sonate 


atodb+e atb+c at+bic at+bt+e 
poaey a ‘i c = b 
bte a+o6 ate 

1 ec te Dey = 1 
a b 


1 
— F We have multiplying by a+b+¢ 


atc 
2b 


atc b+ce a+b ate 


b a c (he 
b+eate a+b 


Ce aa 


- and are in A. Prog. 


Cc 
121, A oc 6 and ¢ oc d .. a= mb, and c = nd, ». d= 


Then ad = “be ~. ad oc be 


‘ 
122. Area of circle varies as (radius)? .*. area = m(radius)* 
. area of circles = m9 + m9 + m16 + m25 + m36 + m49 
= by addition to m144 = m12? .. radius of resulting circle = 12 


n Weer) 
123, S={2u+(m-1)d mig {22+ (3-1)d}> = sum of 153 terms 


9 
= {22+@- 1)d}-~ = sum of 19 terms 


“. (11+d)3 = (11 + 4d)9; 11 +d = 33 + 12d .. ld = —"22 
or d=—2.:. series is 11, 9, 7, 5, &e. 


124. Let m= the mt, and n = the nth terms of a G. series; 


also let w= 1st term, and r = common ratio, then m = ar™-1 and 
n= arr 


1 
AGREES eS ; e\ REE 
‘on  qpt= = pana = 7 ol ing 4 Peal VEN Sas , 


Ate 


ri 


¢ 
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m-1 

m m m~ m-1 m- m-1 -(n-1) m-1 ™n-7 

a= nay = om” m-n =m -n n= m m-n nn -% n = ea 
M\ man — 


eS 


Se ee 


gin-1 m-N nine lL m= 7 
= ( Wa =. Orst-term, = (=) , and common ratio 
m 


me-1 


itt 
= os , where m = the mt* and n the nt4 terms of the series. 


If one of the terms be taken as the first, the above becomes 


$-a@ 

125. @=35 art= $8 « rt= TS oe rate. “Art. 264, 7 = ‘aay 
pees ESE og ea 
ee ee oe HOU SOLIOSH IS) (Ga fa a 
2 oa ap 3 ; Sook Ay 


126. S, = {24 + (uv - Dd} 3 Sin = (2a + (an - 1)d}n 
and Sy, = {2a + (8n - a Then latter half of 


n 
Sin = Syn — Sy = {24 + (2n — I)djn - {2a + (m - 1d} 


; nd nd n 
= an + paid - > = an + (8n — 1)> = f2u + Bn - Idhy 


a 


1 3n 

(2a + (3n - 1d 

127. Since S, and S, are each to ‘i temas we have 
S,+8,=14+549+ &. ton terms +3+7+11+ &. ton terms 
Twat T+ 9 +l + &e- to 22) terms = (2n)? = 4n% 
Also 8S, - S, = {1-3)+(5-7)+(Q-~-11) + &. to n terms} 
~, (S — 8_)? = {1 - 3) + (5 = 7) + &e, ton terms}? = (- 2-2-2 
- &. ton terms)? (= 20)? = "47? Si + So = (8, = Sp) 

When S, = sum to n — 1 terms 

§S,+S,=14+3+5+7+ &. to (2n - 1) terms = (2n — 1)? 
(S, - Sz)? = {1+ (5 = 3) + (9 —.%) + &e. to (m - 1) terms}? 
= {1+ 2m-)DP= Qn 1)? .. 8, + 8, = (8; + 8)? 


Ul 


180 KEY TO (Mis, Ex, 128-133. 


128. General term of (1 + neh -3 
P(P +9) (p+ 2q) **** {pt Cae. 
eed 


Pte OOUS pen iinn Jate ; 
on eee -2" i 


=(-D'x 


oheQRae an 

Ay yc 22 | 
When (7 + 1) term = 7 term, r = 6 

25-S11-14:17 2618 
125-456 x 3°” = E561 
’ When (7 — 1) term = 10 term, 7 = 9 
2°5°8°11°14°17°20°23°26 559130 
123456789 x39" ~~ 1594323" 

129. (w@-1)(@ + 1(e@- 2)(a@ + 2)(U—-3-V—2)(a@—- 34-2) 
= (a? — 1)(@? - 4)(a? — 62 +11) = 28 - 345 + Gat + 3029 —- 512? 
~ 2404+ 44 = 0 . 

130. (@@ + 1)\(@ - 1)(@ - 1) = # - 2? ~ 2 +150; then 
2 + 224-323 — 3224+ 22 + 1 + e— a?- 2 +1 = 2+ 82 41 
274 324+1=0; or v?+3r=-1..274+ 304+ (8)? =2+1= 8 
.2+3=44/5, and z= }(—3 + 5) 


a. (2 terne = iC i~ 1) x ape 


*, 10% term =(-1)*x 


ut — : 
131, Let 2 = the quantity, then >—~— a4 ,ad+dz = 4be+ dca; 
; fa : 4be — ad 
orde — 4cx = 4b0e- ad x= d—4c 
pt Evert = ys vais 
Ute ete Ae ONS ~~ \alaa 1 
_naa\F Wan} wa-piasen! @-yl yz 
“\24+4/3 vere - V34+1 ~ AB+1° f341 
133. Multiplying the lower equation by 2 and subtracting, 
1 -1 
we have Ty —-22= 13m) .. 3y-z2+ 2 =6+ a° us 2 is int. 


y-1 
Let Wan ty then y=1= 2t, and y= 2f+1. Substitute this 


Mis. Ex, 198-326. ALGEBRA, ~ 181 


indir, and ?2= %—-13 =146+ %—-135:146-6 +. 2 =7 
and y= 2t+1. . Then, if t= 1, we have y= 3, and z = 4, and 


w= 2 ; 
ae ahtoyMtl gh ah-ly sah y24 ¢%-5y84 &c.ton+1 terms 
3 a bed 
“aya —y)~ any” 
a 4 eh + 2" 4+ a + &e. to (7 + 1) terms 
When yr = (tO. ssa a ge SaatS 


1+1+1+4&c. ton+1 terms n+1 


ae ae os 
135. Let m be their G.C.M, and g and ¢ the quotients 
arising from dividing them by this G.C.M. Then mg +- mq’ = 45 


1 t  6etee eee mg+me’ gtd 45 15 
.and mgq’ = 168. erefore me" ay * 168 ~ 66 
Whence by solving the quadratic, or by inspection, g = 7 and q’ 

45 45 
= 8, and m =—— = — = 3 .*. the numbers are: 7 x 3 = 21, 
qtq 15 


and 8x 3= 24 
1 a%-%+3 1 w-%-15 2 at-27-35 92 
196. ote 8 9 g8- 22-04 13 22-2 — 48 BBS 
y-4 Png 2 Ba a PERL ese 


1 
La hee 
Meti(eDaa ey htbeh Gi atigt® 19 tg 295°" Ws by 4947 WES 
14) Und sare *\- 992 


Now — + 9.7 137 5e5 °° subtracting corresponding terms* 
1 1 2 al 1 1 i 
St te a aa ig 5 Ges SS 
y-9 y-25 y-A9 y¥-9 y-49 y-49 y-25 
y-49-y+9 y-25-y+ 49 - 40 24 


"G@-9y — 49) (YY ~ 2)y — 49)? * Yoo ~ y= % 
or By — 125 + 3y — 27 =.0; or 8y = 152 «. y= 19. Then 
(e@+D?=19,7=1=+V19ande=14+719 


Ny ae sees eos eR ee ee ee Pee ae 
pe dares a air Ht 9 18 y-49 18586 BO 
1 y-4-y+9 1 y-16- y +25 2y-8 386 - y +49 ao 


Pen eye k a y 25 ie woe 
iff 1 14g ochre 
eee er F peda ES 


182 KEY TO [Mrs. Ex, 137-139. 


137. Let « +v + 2, and y=v—2; then xy — 4y? + x” 
= 2(v?— 2%) — A(v?— 22 + 2”) 407+ Que + 27= 4... 102-97 — 5et= 4 
Also x? —y? = v2 + Qvuz+ 227-0? + Qvz - 27 = 4v2 = 36 «. wz =9 

l0vz — v? — B22 = 90 — v? — 52? = 4 .. v2 + 52? = 86 
+, v? $ Qven/5 + 527 = 86+ 18/5. Extracting square root (right 
hand member by inspection, and left hand member by Art. 189) 
we have vt 2/5=94/5 .. Art. 186, 9 = 9, and + ef5= +4 /5 
.Z=1..2=10,7=8 ; 
fe 
92 
theorem, we have (10 —- 1)"2= 10-2 + 2 x 107% + 3:10-4 + &e. 
+719 248-1079 + 9:1072° + 1010-4 + &e. 
+ 1710-18 + 18-10-29 + 19:10-79 + 20°10-%+ &c. to infinity. 
Now 810-9 + 9:10-29 + 10-10-24 + 11°10-™4 + 12°10-* + &c. 
= 8-109 O31 020 ede 102 lel O pater el Oe earn GeO mea 

+ 2:10 -38) +. (1:10°# + &c.) 

= 8105? 4.10510 72 + 10240 4 210-8 + 3105 *  &e. 
= 8°1079 41-10-94 107) 4 2-107 4 31078 + &e. 
=19°1052 40°10 29 GS 110 20S SOS AS wes 
Similarly for 18°10-19 + 19°10-2° + 20:10-4 + &c. and generally 
for (10m — 2)10720"+1, &c. 
ClO D)P4 102 OO Ss 4 Sal One eee Chae O ge Bath OAL Oe 2 
$1072 42-10-2284. &e. 710-27 F910 e488 106 20 ea 0 
+ &c. to infinity = °012345679012345679, &c. to infinity. 


1 : 5 : 
138. 3 = = 9-2 = (10 = 1)>%. Expandinzy by binomial 


Norr.—The point in this operation is the sign of multiplication, and 
not the decimal point. 

139. ax? - br = atx - ab. aa? — @x - br + ab = 05 or 
(ax -b)(x -a)=0. Nowif we assume az -6=0; orz-a=0; 


, 4 b 
the equation will be satisfied . ax-b=0; oraz=6 «. x= — 


Alsoz-a=0...”= a, Therefore the roots are q? and a, 
which are rational if a and B are rational. 


Mis, ix, 140-144.] ALGEBRA. 183 


140. 27+ (a+b)x ='(n-1)ab; 
42° + 4(a + b)x + (a+b)? = 4(n - 1)ab + (a + by? 
2x +a+6 = +4 /4nab — 4ab + a* + 2ab +b? = + f4nab +a? 2ab + v2 
2a = —a—b 49/4nab + (a= 6). 2 =} 4 /4nad + (a—b)? = (a + b)} 
141, Gr - eel; r-pye=h; w-lWetghe at P= BY 
wi Vanda tity es. Ye=tor-$..e=h0r$ 


142. Vx = fatl —- Yel ea etl—-Wer-Lltae-l 


oe = © = — Qfa —el 2% a? = 472 — 4, or 3a27=4; Vaso f= 30 


143. 27+ cy + 22 = a 
ay ty’ +yz =? > .. by addition 
tz + y2 + 27 =? 
w+ try + ez ty? + 2yzt 225 a? + b?+ c4, and extracting the 
square rootat+y+z=+Va+h +c? ’ 
a? ates xs 3 2 eee a2 


ee ae ect Ae SOAR Osea en eb ee 
x tv Ajit Davee Se Saat 
2. Pi eee ae B2 
ris Se Oo Cs «0° ee ae a 
y + va 4 Va? + 0? + ¢ 
c? ct 


z 
i 


A GEE OPE Te Caetaten 2a eet 


iT] 
I+ 


144. Let a, 10" + @10"-1 4+. a5°10%-2 + &c., +An-310 + dn be 
any number = (10"— 1)a, + (10"-1 — 1)a, + (10-7 - 1)a, + &., 
+ (10 = 1)ay 4 + Qy + Og + dge** + dy _y + On 

Now 9 = i0 -1, and each of the coef. (10"-1), (10"~1— 1), 
(10®-? - 1)-++(10 - 1) is divisible by (10 - 1), ie. by 9 
oe the number = 9m + a, + Gg + Gy + *°°* An_y + Gn, Where 
m is the quotient by dividing (10” - 1)a, + (10-1 - l)a, 
+ (10"-2 = 1)ag + +++: (10 -1)a,_, by 9 

Similarly the number reversed = 9m! + dy + Gy. + Qn-y 


v | 


+899 Gg +g + ay. 
Number x 4 = 36m + 4a, + 4a, + 43 + **** day. +4ay 


184 ’ KEY TO [Migs. Ex. 46-49, 


Number reversed x 5 = 45m! + Say + 5dy 4 + Sang + *°** + Say 

+ 5a, + 5a, 

«. sum = 36m + 45mi + 9a, + 9a, + 943 + te + Ddy 4 + Wy 
= 9{4m + 5m) + a, $.dg tage ee? tOy_1 t+ Ay} 

Thi3 statement may be generalized as follows :— 

CGeneraL Turorpm.—Let r be the radix of any system of 
nuinbers, then if any number in that system. be multiplied by any 
runber n and the same number reversed, as to ils orders, be 
nriliplied by r—(n +1); then the sum of the two products thus 
obti.ined is divisible by (r - 1). 


145. (@+ 656+ ¢)-@+t+leEet1)-@+toe-D 
=abt+actbe+l?-ac-a-c-1l-—abt+a—be+c=?-1 


e xy\? ry WA ae ee ays 
146. 1G) -3(3) val (43) = G) +3°= sac Ta +27 


(147) 
a Ue+aba yb?y?-+0707+- 2. cday+d7y2+a7y *Rabary tba? + 67y! 2 2cday + d?x? 
x24 - 
- aa? 4 y) Je ae. 4 y*) te (ek Gi ab vo < a? (x? - ce y?) 
w+ y? 


_@ OPE Xe +y) 
x+y? 


=@+b ++ a 
148. o/{a7(a? + 4 + 4) - 2a(w@ +2) + 1p=4fa(e + 2) - 1} 


149. G.C.M. of a? + 2ab-+ 64 = ¢?, and a*— 2 + 2be — ¢?; 


that is of (@+.b)?-c?, and a?-~(b—c)?; that is of (a+6-—c) | 


(@+5+c¢),and (@-b+c)(at+b—c) is evidently a+ b-c 


150, 1/4+0/+5+0+4+1 


+10 0} +0 
-2 = 8.40 
cam | +4+0 


322 Ax =I 
e+e) 


4+0/-3+4+1=4¢— 
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1440+5+0+41 

+0} +040 +04+0+40 

=9 eG 02 Ghee etl & 

ds eh Ache 7 
4+0-34+4+7-11-10 
4a — 8a-2 4+ 4-24 Yar8— llr stm 10x75 + &e. 


151, 1/1+404+04+04+04+0+0+0 
+1] +1+14+0-1-14+041 


-1 -1-1+0+1+1+0 
1+1+0-1-1+0+41+1+ ke. 


=lt+a—-2-a2t+ a6 4477-79 — 2719 + Ke. 


b a BE eb" eee 
tie lees me! a) ome 
(a+ by” dost + 2076? + bt 

; (are) eo 2a7b? + b4 
e(a — b) c(a —b) c(a— 6b) tO Gte) 
* (at cy(bte)* (a+e)(b+c) ~ (a+e)(b+e) * c(a —b) 


153. =} 
=i 


3(x - 2) xz-—3 x-1 1 
bt GoODG-3) \@ah@=3) “@-D@-3) »e=2 
8(@@ - 2) -2+3-24+ 1 Ding. x—2 1 

(x — 1)(x — 3) PEE Ce yee ae we 
_ = 2" —- @ - DE = 3) w%—4¢ +4 —-— 27 4+ 4x - 3 

@=-DE-3@-2) ~~ @-D@-2@-3) _ 
‘ 


* @-D@-2)@-3) 
pe +1) + 2x} (zy +1) + 2y}+ (a -y)? 
xy? +1 — x? 4 
ay? + Qry + 1+ 2x(wy + 1) + 2y(ay + 1) + @ + ¥)? 
E xy? + l= ata yt 
(zy +1)?+2(cey+ (ety ha@ty) C@ytltetry? 
= ey + Qay +1) = (+ Q2ry ty) (zy + 1)*#-(@+y)? 
(ey+atyt1)? ayhorytl  (@+1)(yt1) 


+ (ay+atyt1)(ay-a—yrl) ~ xy-x-ytl *(@-Dy-= 1) 


186 KEY, TO (Mrs. Bx. 156-159. 


156, (1) ax? + be +¢= 0 


} biviae by coefficients of x”; then 
a,a74+b,2+¢, = 


b ic : 
ohare pee ee 
Lge Ne ° Let r and 7,, be roots of first, and 


bi ¢1 _) (rand rz, the roots of 2nd equat.; 


b 
Then a? + —2 += (@=r)(@=7,)= ) 


2 by a) eat Me =0 ) 
And 2? + —2x + (@ —r)(t=- 12) 
a, a : 


Hence in order that the equations may have a common root, 
they must have a common measure. 

(1) Having divided as before by coef. of 27, let r and ry 
= roots of one, and —7 and —r, the roots of the other equation. 


b c 
Then 234 2} = (eT) ry) = ae net 


=0 
Oe eecn ; . 
And a+ 7 47-5 (etr)(@tr)) =e +t errr, = 0 
1 1 
b tt b, Al c Cy H ° 
om sa(rtr)=- — igs ik ashes 
’ ( ) mc and — = rry z ence in order 


that the roots may be equal in magnitude but opposite in signs, 
the coefficients of x must be equal in magnitude but opposite in 
sign, and the coefficients of x? and also of x° must be equal. 
pt Ae VeGen® «GRE e es 
== 1204+ 20. 2 = 28 
158. (x —1)%a + 4) = (a + 3)(@ — 2). a? + Q0t— Te 4 

= a+ da? 30 418°, 224+ Qe = 11; Yat Poet = + V1d = 4 24 
2°68 = 1421/8 

L+ Qe 2+ 2¢ + Wl + 2e 
l= 22 9 - ax 4+ Wl — ax 
MTF ae +1 
V1 —22 eee = 


159. ; extracting the square 


root of each side, 


i clearing of fractions 


Mrs, Ex, 159, 160.) ALGEBRA. 187 


Vl = 4a? - JT + 2% = 4. (1 — 4a? + VT 22) 
: cs V1 — 427% - (oe = V1 = 427 + V1 — 22; or 
~Vl + 2z = J1=2@ 1+ Qe =1- Qe, 22 =- Qe; orz=0 
And (m) Vi - 4a - V1 + 22 = - J1— 4a - 1 — Qt 
seas) Oey Pec ae Aes a ey || a Ps 
Squaring, 4(1 ~ 427) = 2 - 2/1 — 422. , 2(1 = 40%) + (1-40)? il 


(1 = 40%) 441 = 40%)? = 3, (1 = 40) $0 - ee day 2, 


bo 
.1-4z4=4 orl 


oon dat)? Pde Bm (1 = 422)? = 3 0 OPS 
Spe 


. 40? = 3 or 0; 22 = 4473 or0.. 


(n - 1)%a? — 2(n — 1)?a + (n- 1)? + 4a 
(m — 1)?x? + 2(n - 1)*a + (n— 1)? + 4n © 
jf Ces 1)?a* — 2(m — 1)?x + (n + 1)? ge: 
“"(@ = 1) + Am — 12x + (n+ 1)? 1 
2(m —1)%x? + 2(n4+1)? P+ (n-1)?a?7+ (+1)? Pt+1 
~ 4(n — 1)%x 7. RSl? kg RBar Deen FHP =) 
we (w= 1)°(P = 1)? + (n + 1)2%(P = 1) = = 2a - YAP + Ya; 
or (nv — 1)2(1 — P)z? - 2(m - 1/901 + P)e = = (n + 1970. - P); 
4(n — 1)4(1 - P)*x? - 8(n - 1)4(12 - P®)x + 4(m - 1)4(1 + PY? 
= 4(n -1)4(1 + P)? - 4(n - Dn + 1% - P)?.. Dividing by 
A(n — 1)”, (n — 1)9(1 — P*)x? - 2(n - 1)7(1 — P%) x + (n— 1971 + PY? 
= (n-1)°(1 + P)?- (+ 1) - P) | 
“6 (2=1)(1-P)2-(m=1)(1+P)=4(a=-12 + P= (+1) -P)? 
“(2 -1)0 -P)e = (W-1)(1 + P) + f4Pn? = 4P*n - 4n + 4P 
“. (@-1)01 -P)e = (m = 1)(01 + P+) $ 2A(Pa - Ln - P) 


1+P ene tee 
ie RY a m-)d py Cen -1)(7- PP); where in order 


160. 


*, Art. 103 (v1) 


that z may be real (Pn — 1)(n = P) must be real, that is 
(Pn -1)(n - P) must be positive, and if is positive, in order 
that (Pn-1)(n- P) may be positive, P must neither be >2 


1 
flor <— 
; nr 


” 


188 KEY TO (Mis. Ex. 161-166. 


Giles ate }(a+b)=3 $+4)= 


2 BE 
ci Sasi we 
"att ee. Thee 
G=jab=Yix4gaV1=1 
162. — :, Hu + Hb = 2ab Ha — ab = ab — Hb 
Mare b H-Hia H-H+6 
Or. CH= b)a.=/(0-— Tb nis a= ag Sater a ey 
7 Hoi Oe le (1 — 0) = A Cee 
oS SER= & © 7% > Sb Ce A(H-a) ~ H(H-b) 
‘ H- a H _ H (H - b) ; 
hes a - a) H(H -«) H(A -— 6)” ACH — 6) 
1 1 1 bak 1 
thatis 5~g—= 7 en i Hag He F Fay ein A. prog. | 


And .. H-a, Hand H-® are in H. progression; that is, His 
the H mean between H—a and H-b 


163. Then term = a + (2 — 1)d .*. 37 term of the series 
apt Sh +34 + &e. = 88 + (37 — 1)C-14) = 88 — 88 =90 
8,, = {2x 6+ (81 —1)(—.)} = (12 +30 x-) 3 = 7x 3b = 108) 
Syo= {2x 6+ (42 - DC~ H}Y = G2 +41 x— 42 = (12-6821 
= 51x 21 = 1082 .. 83, + Sy, =108}-+ 108} = 217 
= ~ 7”) _ Sul —(3)"} 


164. Sy = Se [=9 =f ~ (2)4 = 281 - yy 
22 eats 

3 ~ pn=2 

: a 1 1 5 

165, ae Pe ak WE Og ea 
g Ser ise 7 tae rf a 
oe 1=r ~1=(-°4) 7 1+2 © ops * ay GY \ 
Sq - Sys b= {LC = 8} =F-4 4HC- = HCD 


n 
166. Of 1stseries, S, ={2+(n-DY>=(a +1)5,and S, = =(p+ 


: we uA (2 
Of 24 series S, = {44+ (n= 1)3}> = (3n+ Dos and Sp = (3p + 1) 


Mis, Ex. 166-170. ALGEBRA. 189 


ee  1% n n 
Of 3r4 series S, ={6+ (n= 1)5}> = (5n-+1)>, amd Sp = (5p + DS 
wey n n p 
Of 4 series S, = {8+(n— bh ir = (in +1)>, and S, = (Tp +I) 
; n n n 
». of the series (7+ ry + (8n + ry + (5n + Diy F &e.; 
n 
where the first term igs (n + 1) and the common difference is 
ne 
anx >= n*, the S,, = {2(n+ a 9 tn 1) = (+n + prin) = 
= (n + pnt) = =(1 + pn) 
" P P. 5 P 
Also of the series (p + YT + (8p + ry + (5p + yarn + -&0, 
where the 1** term is (p+ 1s and the common difference is apt =e 
pP 2) Zs 2 2 2 Ls 2) 2 
Sn = (2p + I> + (n— Dp '}y = (p+ pnp? ~ pz = (P+ mp?) > 
mn 
= (1 + pny .. Sp of the former series = S,, of the latter series, 


167. {(a+ y) = fay}{(e + y) + zy} = (2? + 2ay + y*) - ay 
=e +ayt y? 
{(2? + y?) + ay}{(a? + y?) = zy} = (2? + yy — xy? = at + oy? + yf 

168. 8(5?— 3 x 8)? +5(624+ 3x8)! = 8(25 = 24)? +5(25 +24)! 
= 8/1 + 5/49 = 8435 = 43 

169. /16a*— 960°) + 216a*b? — 216ab* + 8104 = 4a?— 12ad + 9b, 
and /4a? = 12ab + 962 = 2a—- 3b 


ei eee) Saat 3c 2b 
170. — ie +a). Algo-= — - — = -. —- - —— 


+ ad = ad 26 3c 6bc 6be ? 

a c 307 20) 

but since 5- = 7, it follows that be = ad .. - aie) Che 
3c 2b c b c 1 b 1 

* 7 6a 6aus- ~ Sad)” Bad* 77 (Gx) = (5 aa) 


190 KEY TO (Mrs. Ex. 171-175. 


! + 22@ +4)? 
171. Multiply by 4(@ +1), and 84 +12 = 4%+5+ ae a 
Reducing and then clearing of fractions, we have 1227+ 25x + 7 
= 12274 24412 .°.2=5 


24+ 6 a+b 


172. abe = @ aay: Clearing of fractions, 


1. 20x + Qabx + a?b + ab? = 2ax? + 2abx + bu? + Vx 
. 2ax? + ba? — 2a%x + bx = a*b + ab? 
(2a + b)x? — (2a? — b?)x = ab(a + b) 
4(2a + b)?a? — 4(24 + b) (20? — b*) + (2a? - b?)? 
= 4ab(a + b)(2a + b) + (2a? — b?)? = 4a* + 8a%d + Sa7b? + 4ad 3 + vt 
. 2(2a + b)e — (2a2—- 5’) = 4 4/4a*+ 8a5d + 80%? + 4ab%+ bt 
+ (2a7 + 2ab + G7) .*. 2(2a + b)x = 2a? — b+ (Qa? + 2ab + 47) 
4a? + 2ab, or = — 2ab — 2b? = 2a(2a + 2), or = — 2b(a + 2) 
2a(2a + b) b(a +b) 
oe o O(2aw8) ae OE a ee RR 


113. Si 7 atl a abt+a a@+1  abt+a 
- since © = py) an Pb AE Gb Sa ae ee 


2a+ab+1 


I 


i 


ab +1 %+abt+1 « 2a+ab+1-ab-1 
er eae eae OS LEN PS Sa. on 
“ey +l weraee . fatigue ob 471, 
os ee Fae 
2a a 


2a+2ab+2~ a+ab+1 

174, 2a? — Quz— Qxy + Qyz + 2y* = Dry — Qyz + Arz+ 22% — Qex 

+ Qry — Qyz = 2x? + Qy? + 22? — Qay — 2ez — Qyz 

= (x? — Qay + y”) + (a? — Que + 2?) + (y? — Qyz + 27) 

=(e— y+ (@- 2)? + (y-2)? 

175, (a+b)? = c?\ (a? — b*)? + gabe? ct ((a =)? + 2 

(2 =P) -(a- ml 

(a + b)?c? — c*# 
(a + b)°c* — c# 


Mis, Fix, 176, 177.] ALGEBRA. 191 


176, 78 — 1) x10 +o + x8 + 207 + 2at + 205+ e2H E+ 1240+ 1 
lO = 73 
29 + oat 


2-2 
we + 2x2 + Qr 
ze—1 


2x7 + 2a* + 2x>+ 2Qxu*+ 2x42 
a? + ate P+ ott ae4+1)e8—1 x 
e+e54at+ a3 + e727 +4 
-2 —zt—g3-—2?-27-1 


ett care ae {)el eet part a2eat1(a?-2 
et’ x8 +05 pats a8 + 2? 
—z§—-x>+a+1 1 
—2§— 27° -gt28-2?-2 
at 4+ a3 + 9%4+ 2x41 
att ht c+ det lad tctpatpattari(e 
we +at+ 234227 +4 
Rass ibd 1220 1 


a= 1)ats 284024 Qe bl (arp at 2 


xt — x? ; 
ee + 2x? G.C.M,=2+1)a?-1f{ 0-1 
fia enin wet a 
Qu? + 3a Seo. 
22? - 2 -z-1 


32 +3 
3(@ + 1) 
(Qe + 3)(@ - 1) (« - 1D(e + 1) c+ 2 


1 @ FB = 1) > @ + Sa 1) 7 HH 
_ 2a? +a -3 - (2? - br - 1) L+2 a? — Tx +4 L+2 
(«+ 5)(z?-1) 7 2241 ~ @+5)(@?—1) 7 w+ 

(a? + tr + 4)@? + 1) = (@ + 2)(22 - I(e + 5) 


7 (x + 5)(@* - 1) 

(a? + Tx + A)a? + 0? + To + 4—- (a? + Tx + 18)z?2 4+ 2? + Tx + 10' 
3 (x +.5)(@* - 1) 

Qa*+14¢4+14-6x? 14x — 407414 

~~ @+b)@t=1) ~ @ #5) 1) 


192 KEY TO [Mxs. Ex. 178, 179. 


(178) 

(a+ by =1)?+ (a = bY = 1)? a? + 2aby = 1 - - tao oe 2 — 2abyf— 1 - b? 
G-Woparhy=D ~ Bs —1)? 
2a? 2b? =. 2.(a? — 3?) 

7 Ge ae 


179. Let x= 3y be the first of any four positive quantities in 
A.P., and let 2y be their common difference. 
Then the four quantities are-z - 3y, x — y, e+ y and 2 + 3y. 
And the sum’ of the extremes = © -— 3y + x + 3y = 22. 
Also the sum of the means=x-yta+y=2z. And 2x = 2% 
.. the sum of the extremes.= the sum of the means. 


: a 
Again let yp be the first of four positive quantities in G.P., 
and let y by their common ratio. 
x x 
Then the four quantities are 7p gy? zand xy. 


5 xrays x “rey 
Sum of extremes = ro + xy = Sei DA ; sum of means = —-4-a= 3 


e pay S 2 + xy 


Then # z y 


AIV S 


, according as # + 2y° S xy + xy; 
orasl+ y= y ty; oras(l+y)Q-y + 2.2 1+ ); 
eS } y Yrys SY ¢ Y); 


orasl-y+y7? $ y; orasl + : z 2y. But 1+ y? > 2y by 
vi+ xy? 
Art. 134 Note 2, .: 7 >- "y , that is the sum. of the 


extremes.is greater than the sum of the means. 
Lastly, if as before x - 3y,c—-y, x+y and x + 3y are in 4.P., 


1 1 1 
= By? coy ety et ay in HP. 


1 2x 


their reciprocals >-——3- 


Then z= By + a+ By = a — OF = sum of extremes. 
i Digs 1 2x2 
nd Ely aia ga ge 7 Sum of means.. 


Mis. Ex. 179-184.) ALGEBRA. 193 
Now whether y be positive or negative, y? is necessarily positive, 


22 2x2 
and therefore x?- y? > a? — 9y, and «. a? = oy? = a? — yi 
that is the sum of the extremes is greater than the sum of the 
means, 

an ~ 1 
180, Sony = {24 + (20 - 2)d}-—>—, and when d = a 


2n-1 2n—1 
Son-4 = {2a ~ (20 - 2)a}—4— = {2a + 2an - 2a} 


= na(2n ~ 1) 


Also (2n — 1) term = a+ (2n-2)d = a+ (Qn—2)a=a+2an—2a 
= a(2n — 1) .*. sum of 2n — 1 terms = the (2n— 1) term x n when 
the series is ascending, i. e. when the first term is the least and 
the last term is the greatest, 

181. ab + bfaF— x? = a? y. fat — 2? = x? — ab; a2b? — bx? 
= ot —2abx? + ab? , xt — 2abz? + b’x? = 0 ; or (au? — 2ab + 7) = 0 
“.2=O0o0rz=4/b(2a—5) j; 

182. 32° + 2° = 3104; 36x° +1208 + 1= 317249 : 6x8 +1 =+193; 
6x8 = 192 or — 194; xe = 32 or — 323; xe = 2, hence x = 64; 
or x° = (— 323), whence x = 4/(32})® = 323 8/32} = 92 §/87 
= 9 MERI = 97 8/7857 


e+ 2an4+ 22-224 2ar—-a? 87+ :2b2 + 2? — 57+ Qhe — x3 
Lier tS Gil Gh 8a seca ae tak 


or ba? + az? = ab? + ba? .*, (b + a)x? = ab(b +a) «». x2 = ab, whence 
z=t+fab 

184, Vz?-+ «2? +96 = 1l—2 .. 224 x? + 96 = 121 — 22 + 2? 
4a F 96 = 121-222. Again squaring 
xz? +96 = 14641 — 5324” + 4842? ., 48327 = 53242 = — 14545 ; 

5324 14545 

or 2? — 483° =- “483 
5324 (ia). 7086244 14545 7086244 — 7025235 


68 ee —. = ——_—_— = ——— ns 
fe BY agg? +4483 233289 ~ 483 233289 
N 


194 KEY TO (Mis. Ex. 184-186, 


2662 5 fi 247 | 
“© — 493 © £ V 333289 ~ + 483 | 
2662 + 247 © 2909 2415 | 

493 asad A6a 
185. Let 2 = the left hand digit, and y = theright hard digit; . 
then the number is 10z + ‘y 


ape ee oe ee = 6); or 5 


| 


10z+y 
5 “ea whence 10a +y= 212 —21y, or 22y = lla, or x= 2y 
l0x+y : 
Also AS 4+17=10y +a, whence 27x + 18y = llzy + 10y?+ 2? 


But x = 2y; substituting this in the last equation, we have 
54y + 18y = 22y? + 10y? + 4y? .. 72 = 36y, whence y = 
And z = 2y = 4.-, the required number is 42 

186. Let x = minutes per mile taken by B, then x + 1 


60 
= minutes per mile taken by 4; Se miles per hour of B, and 


60 


ae = miles per hour taken by 4. 


60 
The second time round the rate per hour of B = ert. 


60 — 2x 60 62 + 22 
Se a po rete her hour of se ae 


And since the course is 2 miles long, the time in hours taken by 


2 4 2 1 z+l net 
= See eee - OS t— 

to go roun G2 ror we 2 Sel time in 

z+1 z+ 
: ; 60x + 60 : , 

minutes required to go round = Teg tacea nee minutes per mile 
302+ 301" , A a 

taken by 4 = “a1 2 ane Similarly minutes per mile in 2°4 round 


30x 
required by B = 30 i and since 4 does the two miles in two 


minutes less than B, his time per mile will be one minute less 


302 + 30 30x 
than B .:. 31 4a + 1 = 39 m-g Whence by reduction 


Mus. Ex, 186-190. ALGEBRA. 195 


30r+304+31+2 312+61 302 
: Tar? = Carer ge ans 9302 + 1830 ~ 31z? - 61x 
= 9302 + 30x7; or —61a7—6la = — 1830, whence 27+ 2 = 30; 
etot+ pth e+f=44), and r=5 
.. A’s rate 1% round = 5 +1=6 min. per mile = 10 miles per hour 

B’s rate 1 round = 5 minutes per mile, or 12 miles per hour 

A’s rate 224 time round = 10 + 2 = 12 m’les per hour 

B’s rate 2™4 time round = 12 — 2 = 10 iniles per hour 
Whole time of B for both rounds = 10 + 12 = 22 minutes 
Whole time of 4 for both rounds = 12 + 10 = 22 htiinutes 
.. neither horse wins. 4 

187. Let xz, x2+1,2+2,2 + 3 and x + 4 be any five conse- 
cutive integers; then x(x + 2)(x + 4) + (x + 1)? + (x + 3) 
(a + 2)(a? + 4x) + v3 4 32274 Be + 1 + a9 + On* + BWTr + 27 
(e+ 2)(x?-+ 4a) + (a8 + 4a? + 5x +2) + (dv +8) + (x2 +8274 21a +18) 
= (€@4+2)(a?+ 4a) + (e+ 2)(u74+ 2041) + (e+2)44 (a+ 2)(u7+ 6xr+9) 
=(% + 2){(z? + 40) + (@? + Qn +1) 44+ (2? + 62 + 9)} 
= (a + 2){(a? + 2u + 1) + (a? + 40 + 4) + (2? + Gr + 9)} 
= (x + 2){(@ +1)? + @ + 2)? + ( + 3) = product of middle 
number by the sum of the squares of the middle three. 

188. 24+ y* + xt + 4a%y + 6x?y? + day? + y4 
= 2a + dry + 6x7? + day? + 2y* = 2(a* + Qa8y + Bx7y?2+ Qay> + y4) 
= (2? + ay +9?) 

189. (a9 + y? + xy + ry”)( 28 —.y8 — xy + zy?) 
= {(a8 + ay”) + (y? + wy) f(a? + ay?) — (YY? + x7y)} 
r (ae + xy?) — (y? + vy)? = «8 + Qxty? + 2yt — (y6 + 2x7yt + vty?) 
= 26 + arty? — a%yt — y6 

190. a? = Gfa+b + Ya-b)? = ath + We-P+a—b 
= 2a + Wa? —0"; 
ax — yx* = 2%a — 1x) = f2a + We —OYfa — (lat VP-P)! 
z= [204 WE a Plat VE = PY = fat P= Oa FY =P) 


= g? — (a? ~ 2%) = B? 


ii 


196 KEY TO {Mus. Ex, 191-199. 


191, ax? + (ay + az + 2cy)u? + (by? + Icy? + Bcyz)x + (by? + by*z) 
+o+rYy+te) 
lla +(ay+az+2cy) + (by? + 2cy? + 2yz) + (by® + byz) 
= (yt2)| - (ay + az) = (2cy? + 2cyz) — — (by + by?z) 
a + 2cy + by?» 


.. quotient = ax? + 2cyx + by” 

192. (a)? = A") + (a = 1") Sa 4 1% sah 1 

193. l-l+1l—-x+2r%-34+57424+4-57=4+2 

194. a(b? + 2be + c?) + b(c? + 2ca + a®) + c(a? + 2ab + b*) 
— {a — ab - ac + bc)(b + c) + (0? — be — ab + ac)a@ + c) 
+ (c2— ac — be + ab)(a + b)} = ab? + ac? + bc? + ba? + ca*+ cb? + Gabe 
- ab — ac — ba — bc — c2a — c*b + Gabe = 12abe 

195. {(b+c~-a) + (c+a—b) + (at+b—c)}x + {(c +a — 6) 
+(a+b-c)+(b+c-a)ty +{(atb-c)+(b+c-a) + C+a-db)}z 
z(at+b+c)rt+(at+b+cjy+G@tbt+ejz=(atbtcatyt+z) 

196. (x+2y)®x (x- 2y)3= (x? ~ 4y)° = £6 —12x4y*+ 48x24 — 64y6 
(a+ bY = 1)(a— b= 1) = a? - 079 - 1) = a? + 

197. {a + b + e)(@ + b — c)i{(e —-a + b)(c + @ — 5)} 
= {(at b)?— cfc? — (a — 6) = c%f{(a +b)? + (a -b)} - (a? — b?)" — c+ 
= 2a%c? + 2b%c? — a4 + 2a2b? — b4— ct = 2.0%b? + 2a%c? + 2b%c? — at — b4— c4 
(© + 1+ a7t)@ —1.+ 2-4) = {@ + 27}) + I@ + 2-4) - 1} 
=(e@+e3)-1l=a2424 072-1 27414 2-2 

198, (204 — 3a%y + 427y? — Say? + 6y*) + 6x7y? 
= }a2y-2 = foy-1 $3 - Ba~ly + ax 2y? 


(a? + 2x2 + 1)(a?— 22 +3) 


(v4 + 40 +3) + (wv? +2041) = AS, PONE =27— 2243 
199, (8a — 4%) + G 2 =) . {8(2 > ay re (2 i z) 
y\° . 
ef t) ae: eae} 
FiS waNecce - = O(a’ + fary t dy”) = 8x7 + 4aPy + 2y? 
z= 


Mts. Ex. 199-204.} ALGEBRA. 197 


(2° — apx? + a®px — a) = (x - a) = {(x3 - a) - cies aca (z - 4) 
Se Lee Te ee =o" + (1 -p)az + a 

200. () (a? — 3x - 4) = (@ + 1)(@ — 4), and (a - 22x - 8) 
= (@+2)@—-4); @?+ae—-20)= (@-4)@4+5)..GCM=x-4 

(in) 30° + 42% — 32 — 4 = 2°32 + 4) -— (8x + 4) = (@*-1)(32 4+ 4) 
2e* — Tx? + 5 = (20? = 5)x? — (Qa4 = 5) = (22? — 5)(a? — 1) 
*, GEM, = 27-1 

(it) Let p be the G.C.M. of m and n; then the G.C.M. of 
(2™ + a), and (a + a”) = x? + a, and of (a™ — a™), and a” — a” 
= x? — a? .-, required G.C.M. = (x? + a?)(x? — a?) = xP — a?P 

201. (1) Le.m. of (x — 2a)(x + a), 2*(x + a), and a(x + a)(x — a) 
= ax*(a: — 2a)(x + a)(x — a) = ax® — Qu*xt — abe? + Qat2? 

(1) «3 — 2’y — atx + a?y = ("7 — a*)(@ — yy); 28 + ax? — zy? — ay? 
= (e+a)(@?—y?) .*. Ll.e.m. = (a? - a”) (a? - y”) = at — gy? ax? + a®y* 
OS SRE RD isd Soh cal Ba (b+c-a+d)(b+e- a-d) 
(a+b-c—d)(atb+cr+d) * (6+c+ a+d)(b+ce-a~d) 

(c+a—b6+d)(ct+ta-—b-d) 

+ (ctatb+d)(c+a—b—d) 

atb-c+d b+c-atd ate-bi+d 

atb+e¢d *at+b+e+d  atbtctd 
at+b-c+dt+tbt+c-a+dtat+c-bid atbt+cer+3d 


202, 


5  atbterd,  atbre rd 
2d 
mtb + 6 oa ' 
prot Oey th Hr BP (c+ yr (et+yte\(e@t+y-2) 
203. 5 s 
wm yt Qy2-24 zt (yz)? (@ty—z2)(e-yt2) 
ttyte 
~ e2—-Yytz 
wa +b) a(a—b) Zab a +: ab — a(a — b)? — 2ab? 
204, b(a? - b2) “d(a+b)” at=b?— b(a? — b*) 
a’ + ah — a® + 20% — ab? — 2ab? 3a) — 3ab? = Bab(a - 8) 
; b(a? = 8) = “be - b4) ~ ba -b)(a + B) 
3a 


198 KEY TO [Mrs, Ex. 205-210. 


@—ar+ar a?+ az — ax carer atts Cote 

~ ( a-x - atx \3 % a — x? 

a? a? Qa? + 2x? a* : a? — x? (0h 
- tom: Es + G2? a? ~ gi—x® ~ 2(@+2%)  2(a* +2) 

4ab 4ab 
a+b oe ako 2b 6ab + 2a? 6ab + 2b? 

pO kab + "705 = Qab — 202 * 2ab — 223 
PS eae aes Ts 


dividing numerator and denominator of 1st by 2a, and of 2" by 26, 


3b + a 3a +b 3b + a 3a +b 2b 2a : 
we get “Sys (Pa bin Oe Sa bs ee oe 


207. @) Vat - 40° + 427 - 427+ 8x + 4 


= (a4 ~ 403 + 427) — 4(@47 - 22) + 4=2?- 27-2 


een 
(11) a Poe + a 2 ae *(2- =) = CF Nae ; 
Qab 2ac be ec a & <a 
(mm) ee ata ta Ph brlp sce & 


208. The sqnare of which a’x*+ bx are the first and second 


5 . 
terms, is a*x? + ba + mw in order that ax? + ba + be + b? may - 
& Feb c 1 
be a perfect square, we must have be + 0? = dat? Bh, +h = Tes 
1 c 
and .°. “at fn 


209. (1) mnz+ amn = nx + am? .. max — n®x = am? = amn, 
am(m — 7) am 
: fog ON ees 5 i Ne ee ; 
that is (mn — n?)x = am? -amn .*. & n(n =) . « 
(11) 2x? ~ 132 = — 6, whence x = 6 or } 
- Tz+1  400/x-} 4002 — 200. 
KOS = be hg 32-2 
whence 242127 — 641lx = - 2598, or 8072? — 213% = — 866; 
2137 2137 4566769 — 2795448 1771321 
gov” * \iel4 ae14)? = “(614)? 


2-3 


x 


Mrs. Ex, 210-214.] - ALGEBRA. 199 


Fi 2137 _ VITHST + 1330-9 2137 + 1330°9 
; Lele ies: | ela eS 1614 


or — 0°49. 


(11)? = 2(a + b)x + (a + b)? = 4(a?- 2ab + Bb?) = 4(a = 5)? 
*.2— (a+b) =+2(a—b), whence x = 3a — 5, or 3b —a 


- 211. cz - acy = abe + by .. a(c - ab) = y(ac + 6) 


eZ gra BO) azx(c — ab) 


But x -ay=6b .. x - = 6b 


act+é ac+b 
ace + bx - acx + at*bx ba + a’bx 6b + ad 
ac +b Py aehb = ah Nace = 
ac + b c — ab 
ss o= 7) gplendiy letras 


2 x? 4 Qry + y= 49, and x7 + xy + y? = By een ear 
—2ayty=1 
ee ae y=t1l.. w=+8, andz=44 ort+3, 


with eeoee te 


212. Subtracting the second of the given equations from the 
‘first, we have y(z — x) = a? ~ c?; to which adding the third 
equation, we have 2yz = 2a? .. yz=a? .. z= b?, and xy = c? 
Yze 4 ee C2 ee Oo bc? be 

reese he Cac et er ea a ators GE Jil Sar 


a 
whence also y = > wand 2/3) 


213. Let x = 4’s age, y = B’s age, and z = C’s age; then 
z 4 
Y-u=%AWe-y); Tt =pyand ety - 12= 3(2 - 6); 
By-7 5 2z; et 2ya3z; 3u+ 3y—42212; Gr t+ 6y—-9z=0, 
and 6x + 6y — 82 = 24.°.2= 24; y= 21, and x=15 


214, Sy» = {2a + (n- Id} = f3 + (02 ~ Hs = B+ 11x 9)6 


= (3+43)x6=117 
S,, of 14 + 24+ 3,8,= Sy of L42+3+ &e.... + Sy OFF + 9+ 3 


200. ; KEY TO [Mrs. Ex. 214-218. 


n n(mti1) 3fl - (3)"} 
f+t(@-DYS=@ta-Dy=—y— cae = 


N 


1 
az ee dia — 2(3)" = n(n + 1) + 4-4(3)4 
2 V24+373 24373 
S,, of (2+ 3V3+ W2= 7s = I anne Seinen Kinesis 
V3 3 
Ear 
215. @)°2 ‘A Op =. @)°Og°Gg*"**Op 4 = a,2-Y 


Oy "dg "Ug?" ay = ae ol, =a 2 soe St aes Aas 
formed from a,_, by mnitiplying it by a,? scath +@, +a, + &e., 
is a Geom. series having a, for first term, and a,? for common 
(4,?)" -1 ay at 

216. Squaring each side and transposing, we get 
xt — 2025 + 9427+ 602 + 9 = 0; extracting the square root of 
each side, we have x?— 10x ~ 3 = 0 .. 2? = 10% + 25 = 
e-B5=$WT. c= 54 WT 

fs Multiplying, we have — 30x*+ 4623+ Yx?-237+4=4 
*, (3025 — 4627 — Tx + 23) = 0 

x{30x% — 3027 — 162" + 16x = 232 + 23} = 0 

2{30x7(a — 1) = 16x(@ = 1) — 23(@ = 1)} = 0 
. U(@ = 1)(80a? = 162 = 23)=0...2=0. Alsor-1=0..%= 
Also 302? - 162 = 23, whence 2? = -§2 + Jif = 
oO =545(4 $ 4164) 

218. The given series is double, i. e. is equal to the .4 series 
1+2+3+4+5+ &., + the G series 1-2+4-8+416- &, 
Then sum of 2 series as follows :— 


ratio. Then S, = a,° 


4 
Sin = (2 + (n= 1) = (An + 1A 


4n + 1 
Sansa = {2+ (4n + 1 = 1)}—G— = 


. 


“2 + 
Sansa = {2 4-(4n + 2 = 1)} = (4n + 3)(2n + 1) 


“S 
== 2(n + 1)(4n + 3) 


Sings = {2 Fda + 3 = x ANE 


sts. Ex. £14, 219,] ALGUBRA, 201 


Also sum of G series as follows :— 


8 Se i yh — 16” 
3 SER Ge a eee = 30 16”) 
Siyy =#§ Oat qil-(- ary 
Sansa = is evi = =a — 42n+1) . 

Sansa = Lo sate ss = 11 -(- 24% +3} 


. of given series S,, = 2n(4n + 1) + }(1 — 16% 
Sgnoa = (20 + 1)(4n + 1) + Af — (= 2)" 
Sansz = (40. +3)(2n + 1) + ¥(1 = 4°74) 
Singa = 2(n + 1)(An + 3) + 4f 1 - (- 2)" +4 

219, Let # = number in width, and y = number in the length; 
then zy = whole number in the bunch. Also, since y > 10 but 
< 20, y = a number of two digits ... when & is written to the left 
of y it must occupy the third or hundreds place .-. 100z + y 
= the number in scale of 10. 

Also since x < 10, it consists of but one digit, therefore when 
written to the left of y, the number will be represented by 
10y + x which .*. = number in scale of 10 

Again in similar rectangles the perimeters are as the cor- 


responding sides, and whole perimeter of first bunch = 2(x + y), 
2 


x 
and of second bunch zy... 2(@+y) i wy i: w: Tena = width 
of 2nd bunch, and 2(2 + y) : wy ti y ; lara = length of 2nd 
bunch .*. whole number of matches in the second bunch 
ay ary? ay? 
“2@+y)*2ety)” 4@+ y) 
Then from first condition 100z + y : ay :: a: 2 Qa) 


a second “ l0y+a: ay i: a—10: 4 (a1) 
3, 


x 
u third 4 we * dary (1) 


902 KEY TO (Mis. Ex. 219, 220. 


From (11) 20y+ 27: ay i! a-10:2.°. 20yt+ 2e+ By i zy isa: 2 
. 20y + 2x + Sey i cy i: 100%+y : ry 

-, 20y + Qe + Sry = 1002 + y .. Sry = 98x — 19y (iv) 
Also from (11) 27y? = 16(a@ +)? ».cy=4(ety) .. Bry = 20(x +y) 
Substituting this in (1v), we have 202 + 2y = 98x — 19y, whence 
2x = y. 

Again substituting this in (11), we have x’y? = 16(x + y)’, 
that is 4x* = 16(x@ + 2x)? .-. 2x? = 4x (3x) .. 2u7= 122, or 7 =6 
“. y = 12; and zy = 6 x 12 = 72 = number of matches in the 
bunch. 

220. Since the conditions giving the equations (1) and (1) 
remain the same, these equations and .-. also (Iv) which is derived 
from them independently of (1m), remain the same. 

‘. we have but to solve in positive* integers the equation 


Sry = 98x — 19y, remembering that << 10, and y> 10 but < 20 
Say = 98x — 19y 
~, Sry + 19y = 98x 


982 
“¥* be +19 

490x 1862 
Y= 5 Ila eee 19 


1862 
Now since y is an integer, br 819 is also an integer. 


And since z is integral, 5a + 19 must equal an integral divisor 
of 1862, and further since 2 is finite, positive and less than 10, 
5x +19 will ke > 19 but < 69 and will end in 9 or 4 according 
‘as x is even or odd. 


Now the only divisor of 1862 fulfilling these conditions is 49 
“, 52 +19 = 49 


wy =6 
i: 98x 
Y= 52419 71? 
<a. 12 


$$ 
oe 


"They must be positive from the nature of the problem. 
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221. Let x = rate per hour of the express down; ¥ = rate per 
hour of accommodation down, and d = distance from Stratford 


d / 
to Toronto. Then a hours = time down by express, and a 
: d 
‘= time down by accommodation. Also Zz = cents per mile in 
d ge 
express fare, and ahs d= en whole fare by express. 


d 
= hours on road 


d 
x —— = rate of expressing going up .-. d 
i ees 
going back a 
But if the fares had varied as the velocities; then fare at 
x: fareaty::x:y..fareatx—fare aty: fareatx ::x-yia 


But in this case, fare at x — fare at y = d cents, and since fare 
d? 


by express to Toronto remains the same, d : putryiz (1) 
: d d 
Also fare at x : fare at - ce Sap Cage ere fare at 
d d 
xz — fare at =-3) Lane at eee eD 
x x 
d d 
But fare at # = fare at ( ~ = ine) (= en Cents 
ue x 
d . a? oe . 
ee ean oe) wa) 


Using the formulas now found in expressing the remaining 


d eG Ne 
statemeiits in the problem, we obtain fies aa (am) 


Then from (1m) dy = 2x? (1v) 
from (1) x*= d(x —y) = dx ~ 2x7, by (iv) .*. d = 3x (v) 
from (11) 22(a? — d) = d? .. by (v) 2°(@? - 3x) = 2723 
“. a —3e = 2%@ o. 27-3527 «. = 30 .. d = 3x = 90 miles 
=n 9090 


distance from Toronto to Stratford; and Bs. a9 


it 


= 240 cents = $2°70 = fare from Toronto to Stratford. 


204: KEY TO {Mrs. Ex, 222-294, 


222. 2%/ar4 25(2? + 9) (7+ 25 — 1) — 45/2? + 25 = B(x? + 45) 
+, (1) a%fa2F 25 (a? + 9) (27+ 25 ~ 1) = 5 (a? + 25 + 9/27 + 25 + 20) 
Bf(fa= 25) (a2 + 25) + M/F 2D + 20} 

Bf (oa + 25) (fa2+ 25) + Sofa +25 + 4a" 425 + 20} 
= 5(fe2+ 25 + 5)(/a*+ 25 + 4) (1) 
pal ER WG Sire Ts: \  cieobas()aasl 4) 
And (27+ 25 + 4)(/27+ 25 — 4) = 2749 
(Va2+ 25 + 5)(V@F+ 25 — 5) (x74 25) (fa" + 25 + 4) (fz + 25 - 4) 

(Va2+ 25 — 1) = (fa? +25 +5) (27 +25 + 4) 

"(V2 F 25 — 5) (ofa + 25) (Va? + 25 — 4)(o/27 4+ 25 -— 1) = 5 (an) 

+. (a? + 25 — Bafa? $25) (a? + 25 — Ba? +25 + 4) = 5 
*, (@® + 25 — By/z? 425)? + 4 (2? + 25 — Baf/a2 4 25) = 5 
+. (@? + 25 — Boa? + 25)? + 4(a? + 25 — /a* + 25) +45 
> 2+ 25 — Bofz? +25 =—5 or 1 
wt. (@? + 25) — 5y/a7 4 25 + 26 = & or 28 
5+V5 544/29 
gtr ae 
. 2 + 25 = 3780 + 10/5) or $(54 + 10729) 
Whence a = }(V + 10/5 — 70) or 3(V + 10/29 — 46 
Also 27425 +5=0, whence o/27+ 25 =—5, or 27+ 25=25 029 
P+ +4 = 0, whence 2+ 25 =~ 4, or 27425=16.. x#=-9 


orz=+3/=1 
! 


223. Let @ = number of yards dug at $1:25; then 100 — x 
= number of yards dug at $0-75 .*. 125% = 50 = -75(100—«). 
Therefore; we have two independent equations containing only 


y 


2. a2 +25 = 


one unknown quantity, and any solution obtained from one 
equation is inconsistent with the other; consequently the 
problem is impossible. 


224. Let @ = length of one side of rectangle and y = other; 
then xy = area, and 2(@ + y) = perimeter of the rectangle; 
and zy = area and 4yzy = perimeter of the square. 


» Mis, Ex, 224, 225.) _ ALGEBRA. 205 


(1) .*. zy = 4m/zy (1), and zy = 2n(x + y) (1). From (1) zy 
= 4m .", xy = 16m? (11), substitute this in (1), and we get 16m* 
n(x + y) .*. 8m*= n(x + y) (tv). ‘Squaring (1v), we have 
64m‘ = na +y)*; multiplying (1m) by 4n?, we have 64m?n?= 4n*xy 
’. by subtraction 64m?(m* — n*) = n(x = y)? «. + Bm? — 
=n(z-y) (v) 

Adding (1v) and (v) and reducing, we get x = en + f/m? —n*) 


u 


4 a 
Taking (v) from (Iv) and redueing, we get y = —(m F /m* — n*) 


(11) When the perimeters are equal; then taking x and yas before, 


4 2 
we have 2(z + y) = perimeter of the square, and @ oe = its area; 
(x + y)? 
a7 aaa Im(Lz+y) (1); Ty = 2n(x+y) (1). From (1) c+y 


= 8m (ut), substitute this in (1), and zy = 16mn (iv) 
Square (11), subtract 4 times (iv) and then take the 
square root, and we have x —- y = + 8 /m? —- mn (v) 
Adding (1) and (v) and reducing, x = 4(m + «/m? — mn) 
Subtracting (v) from (11) and reducing, y = 4(m ¥ +m? — mn) 


225. Let x = age of younger at first trial, and y = age of elder. 
Let r = ratio of throw to age at first trial, and 7, = ratio of gain 
of one to age of the other at second throw .-. first throw of 
younger = rz, and first throw of elder = ry; gain of younger 
=r(y+1); gain of elder=7(x+1); second throw of younger 
=rxz + r(y + 1); second throw of elder = ry + r(x + 1). 


; } 2(@ + 1)(y + 1) 
Also H. mean of their ages at latter trial = ———-—~,—_; 


EEE rag a i? ao 

r(x +y) 
A. mean of first throws = ae and A. mean of 2nd throws 
r(xtyytr(e+y +2) r(x + y + 2) 


= 2 .*. difference of 4, means = 2 
Longest throw = second throw of the elder = ry+7r(x + 1); 


value of ratios compounded of ratio of throw to age and gain 


206 KEY TO [Mrs. Ex. 225, 


to age of other = rr,; value of ratio formed by multiplying 
antecedent of this eompound ratio by } product of ages at 
second trial = jrr (z+ 1)(yt+ 1); value of the ratio of which 
this is the duplicate = wWrr(@+ Dy +1; value of the ratio 
compounded of the ratio of throw to age of one with gain of one 


r 
to age of other = 4 
' 


Then using the values thus expressed in stating the problem, 
we have the four equations :— 
ry —rx = 24; or r(y— 2x) = 24 (a) 
fry tr(@t I} - {retry +1)p= 25; or @—7,)(y — 2) = 22 (ar) 
ry+rn(@e +l 24+ DYt), 
r(ety+2) — zr+y+2 ? 
2 


or 7 = ra 421): @uay 


wrr(z + Dy + 1 = =, or ( + 1)y + 1)r3 = 4r (ay) 


! 


Then (1) — (1) gives r(y-—2x) = 2 (v); substituting (a) in (1) 
ra(y —- x) = 22 (vi); dividing qv) by (v), we have x = 1l 
= age of younger at first throw (vm). Substituting (vm) in (am) 
y= 12r, and in (v) 7(y-11) = 2; also substituting (a) in (av) 
and reducing, 77(y + 1) = 4 (vm). But r(y - il) = 4 
-. 77(y -— 11) = 2r,; subtracting this from (vu), we have 
lar? = 4-37 errr = 2 cert dr tale eb ahs ae 
7, = t ve - de = 2. But r = lar .. r= 6, and since 
r(y-1l)=2; 4-11) = 2 .. y-11=4, ory = 15 = age of 
elder .-. throws at first trial = 11 x 6 = 66, and 15 x 6= 90; and 
throws at second trial = 66+ 3(15 +1) = 74, and 90+ 4(11+ 1) 
= 96 


THE BND. 
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